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ON RELATIVE VELOCITY.* 
By H. E. Piacort. 


To the observant and intelligent boy or girl who has ever sailed on 
the Broads or steered a motor-boat in a busy harbour, the ordinary 
text-book treatment of Relative Velocity must be unsati 

The velocity of a ship (or other moving body) P relative to a ship Q 
is defined as the velocity of P as it “ "appears ” to an observer on Q. 
But the exact meaning of “ appears ”’ is seldom explained. The fact 
that in all practical applications, observations are being made from 
one or other of the moving platforms, not from a stationary airshi 
above them, is generally obscured. Thus the relative velocity of 
on respect to Q is presented as something mathematical, obtained 
by the trick of reversing Q’s velocity and adding it vectorially to that 

P. Now, anyone who has steered a boat and observed another 
approaching on a converging course, knows that he is not directly 
concerned with the “ actual ” velocities (meaning velocities relative 
to the earth) of either boat. On the other hand, the velocity relative 
to him of the other boat is a very real thing. But to obtain it he does 
not have to go through the mental process of ee ay | that he is 
going astern when he knows that he is going ah he does is 
to look over the side and observe. If the other boat’s relative bear- 
ing does not change, or if its rate of change is small, he knows that it 
is time to do something with the tiller. 

If from the deck of a ship Q at sea we are watching a distant ship 
P, the latter is not, as a rule, considerate enough to si her course 
and speed, nor have we any means of discovering these by direct 
observation. 

If, however, both ships are proceeding with constant speeds and 


*The substance of a talk given before the Mathematical Association at the 
1 Meeting, 6th January, 1933. 
remarks were suggested in the first place by Mr. D. A. Young’s Note, 1096, 
Math. Gazette, XVI, October, 1932. 
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construction alone, a number of predictions which may be of con- the 
siderable importance may be made—for instance, how nearly the § 9” 
ships will approach, the instant of this shortest range, when P will | 4 
be on a given bearing from Q and what will be her range at that ! 
instant, and so on. fou 

Suppose, however, we require the “ actual ” speed and course of | the 
P, ame a knowledge of the speed and course of our own ship, we the 
can plot our run Q,Q, between the instants when the observations Th 
were taken. tw 

The figure may now be regarded as drawn on a chart, Q, and Q, Lo 
being the first and second positions of Q, and P, the first position § *hi 
of P. To obtain the second position of P, we should have plotted § 2! 
the ray representing the second set of observations from Q, instead dir 
of from Q,. Q,P,P,'Q, is thus a parallelogram, and P,P,’ gives the ob 





charted track of P. From this we deduce P’s “ actual ”’ course and 3 

But note the vector triangle P,P,P,'. This gives us the rule: th 
“Compound the velocity (relative to the earth) of Q with the du 
velocity of P relative to Q. The resultant is the velocity of P the 
(relative to the earth).”” This is the same as the rule given by Mr. § ° 
Young, viz. Vg+ Vp_g= Vp, but it is here obtained from elementary § *™ 
considerations, based on a definite conception of the meaning of ha 
relative velocity, not deduced from a rule which employs a fictitious - 
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Many problems of interest and practical importance can be solved 
by direct or indirect use of this rule. Thus: “A is a ship steaming 
due north at 12 knots. From a second ship B, A bears N. 35° E., 
distant 2 nautical miles. B can steam at 16 knots. What course 
should B steer so as to come up with A in the shortest time, and after 
how long should she be alongside ? ” 

In the velocity-triangle PQR (Fig. 2) we have PQ representing 


Q 








R 
Fia. 2. 


A’s velocity (12 knots, due N.). RP the direction of the velocity of B 
relative to A (so that angle RPQ=180° — 35°), and the length of QR, 
representing B’s speed, 16 knots. Thus the triangle can be con- 
structed by an arc of a circle, and the results required measured from 
the figure or calculated by sine rule. We find that angle RQP=9}°, 
and the relative speed RP is 4-6 knots, whence the time-interval 
required is 26 minutes. 

Now, a considerable proportion of exercises on Relative Velocity 
found in Mechanics text-books and in examination papers visualise - 
the problems, not primarily from the point of view of observers on 
the moving platforms but from that of “ the little cherub up aloft’. 
That is to say, they require a relative velocity to be obtained from 
two “actual’”’ velocities. As an illustration, we may take the 
London Matriculation question quoted by Mr. Young: “ A steam- 
ship is travelling north at a rate of 10 miles an hour, and there is a 
north-east wind blowing at the rate of 20 miles an hour. In what 
direction will the smoke from the funnel appear to move to an 
observer on the ship ?”’ This is, of course, a perfectly fair question, 
and no idea of relative velocity need enter into its solution. It can be 
done by considering the positions after any interval (say 1 hour) of 
the smoke-particles which have been emitted from the funnel 
during that interval. But, for all that, it is difficult to imagine that 
the examiner who framed the wording of the question had ever stood 
on the deck of a steamship and had watched, with active brain, the 
smoke trailing out at an angle with the fore-and-aft line (or that he 
had observed and meditated on the changing angle of the splash- 
lines made by falling raindrops on the window-pane of a railway 
carriage of a train gathering speed). The natural form of the 











68 THE MATHEMATICAL GAZETTE 


question would be to give the steamship’s speed and course, the 
angle between the smoke-track and the fore-and-aft line, with either 
the wind’s speed or its direction, and to require the other. (If the 
speed is given the solution may be ambiguous.) It makes the 
question more satisfactory, but ard harder, if the ship is made to 
change its course and a second a Then both speed and 
direction of the wind can be pire at This problem is tiresome 


by calculation, but the geometrical solution is neat. Suppose that 
when the ship is steaming due north, the smoke-track makes 3 
with the fore-and-aft line, on the eastern side, and when the course 
is changed to N. 50° E. the smoke-track angle is 60°. OP and 0Q 
are each drawn of the scale-length of the ship’s speed (10 knots), OP 
being N., and OQ, N. 50° E. Draw OPR 30° and OQR 60° as shown 
(Fig. 3). Then OR gives the speed and direction of the wind. 


Pp 


4 





Fie. 3. 


For in each of the vector triangles, OPR, OQR, we have ship’s 
velocity, compounded with smoke-velocity (really velocity of wind 
relative to ship) gives wind velocity. This is the method commonly 
used by air-pilots to determine the velocity of the wind. The smoke- 
track angle is replaced by the angle of drift of a landmark observed 
on the ground vertically below the aircraft. 

The following is another problem illustrating the same principle: 
ABC is a triangular course for aircraft, A, B, and C being three 
landmarks. An airplane flies round the course with constant air- 
8 , but, owing to the wind, the ground-speeds over the portions 
AB, BC, CA, respectively, are 60, 50, 90 miles per hour. Find the 
speed and direction of the wind. 

From a point O, draw OP, OQ, OR, respectively, parallel to AB, BO, 
CA, and of scale-lengths to represent 60, 50,90. Find O’, the circum- 
centre of the triangle PQR. Then OO’ gives the speed and direction 
of the wind. For in each of the triangles OO’ P, OO’Q, OO’ R, we have 
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wind-velocity, compounded with air-velocity gives ground-velacity, 
and since O’P, O’Q, O'R are all equal, the air-speed is constant. 

It is not suggested that the form of question in which a relative 
velocity has to be determined from two “ actual” (i.e. “ earth ”’)° 
velocities should be tabooed. The problem arises sometimes in 

ractice and it affords a reasonable test of the principles of this 

Geach of Mechanics. But any student who has grasped Relative 
Velocity as a real conception will have no difficulty here. Nor is 
there any need for a restatement of the main rule. It is perfectly 
easy to build up the vector triangle from any sufficient data. More- 
over, it is more natural to subtract the vectors by the method of 
“complementary addition ” (Vp_@g is that vector which added to 
Vg gives Vp) than to reverse Q’s velocity and add this to P’s. 


B P 


ne 


* 


Q 





Fig. 4. 


In the M.A. Report on the Teaching of Mechanics in Schools (1930), 
on pages 46 and 47 it is recommended that fictitious forces (that is, 
accelerations) be avoided. It would have been more logical if the 
compilers of that Report had also avoided recommending the use of 
a fictitious velocity on page 39. On that page are stated two funda- 
mental principles. The first is: “‘ Given the velocity of A relative to 
B, and that of B relative to C, the velocity of A relative to C is found 
by compounding the two velocities.’”’ (Why not have stopped here, 
with, possibly, a note that in practical problems C is often the earth 
and that such velocities are commonly, though incorrectly, referred 
to as ‘actual,’ or without any qualifying adjective ?) Next we have, 
quite unnecessarily, and stated as a second fundamental principle, 
“ Given the velocities of A and B each relative to X, the velocity of 
A relative to B is found by compounding A’s velocity with the 
reverse of B’s.”’ 

Why should a fictitious velocity be commendable, and a fictitious 
acceleration be reprehensible ? Is the operation of differentiation 
so devastating when applied to a time-function ? Also, why state 
two fundamental principles, when the second is implicit in the first ? 
Anyway, what about Occam’s razor ? 


The President : I think the trouble which has led to Mr. Piggott 
Writing his paper is possibly due to the fact that geometry and algebra 
have received much more attention in the last thirty or forty years 
and we now have reasonable text-books on those subjects, whereas 
the writers of text-books on statics and dynamics have not progressed 
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at the same rate, and the writers of the text-books, followed, I 
gret to see, by the Committee that produced the Mechanics Repo 
have rather tended to reproduce a meaningless formula withe 


* conside the full = of what they are really saying. 
I will offer the thanks of the Association to Mr. Piggott for his 


interesting paper. 


A Repty sy Mr. C. O. Tuckry. 


Dear Mr. Piceort, 

No reply was attempted by me to your criticism of the 
Report on Mechanics at the Mathematical Association meeting, 
partly because of the doubt whether on the spur of the moment | 
could have put my argument in its best form, but largely because] 
was so much interested and impressed by what you said and by the 
elegance of your solutions that anything but praise seemed out o 

lace. 

. You must not, however, suppose that no reply can be made to 
your criticisms. 

On p. 39 of the Mechanics Report we give as the two fundamental 

principles : 

(a) given the velocity of A relative to B and that of B relative t 
C, the velocity of A relative to C is found by compounding 
the two velocities ; 

(6) given the velocities of A and B each relative to X, the velocity 
of A relative to B is found by compounding A’s velocity with 
the reverse of B’s. 

You pointed out that for the man on the ship (a) was the important 


one ; that all the important practical problems of navigation wer§ 


solved from it; and you suggested that it was only because the 
Teaching Committee failed to take the point of view of the man in 
the ship that they stated (b) as if of equal importance. 

For this part of your criticism you certainly made‘out a good case, 
so that Gethaes it is well to mention that we nowhere said that the 
principles were of equal importance. Still, it is very likely that the 
Committee, who after all were on land, did not emphasise the point 
of view of the sailor sufficiently ; but surely your navigators, as they 
steam away from the land, might sympathise a little with the man 
left behind on the pier and grant that it is a legitimate aspiration for 
him to try to put himself in their place and by means of principle 
(5) to see with their eyes. Besides, might it not be of interest even to 
your observer on board the battleship to decide the relative motion 
of two attendant destroyers, or whether a friendly ship would need 
to alter its course to avoid too near an approach to a hostile one ? 

If, however, you merely had charged the Committee with having 
suggested that two principles were of equal importance instead of 
emphasising the greater importance of the first, it might have been 
better not to have replied ; we might ‘yell agree to differ on a question 
of emphasis. 

Your more unkind criticism, however, was that we ought not to 
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have introduced a fictitious velocity (the ‘“‘ reverse of B’s”’) when 
elsewhere in the Report we condemn the use of fictitious forces. 

This I would meet by saying that we do not introduce a fictitious 
velocity. 

Of course, in a sense, all observed velocities have a fictitious 
element, as they all depend on the motion of the point of observation, 
but I suggest that you, in your capacity of observer on the deck of a 
ship B, have no right to speak of the observed velocity of a ship A 
as actual and then stigmatise as fictitious the observed velocity of 
the water on which the ship A rests. 

Perhaps you find it hard to adapt your rangefinder and other 
instruments to observe accurately the velocity of the water, but 
surely this does not make the velocity fictitious. Besides, you could 
observe it quite easily if the ship was passing a rock. 

Have you never noticed the trees flitting past the window of your 
railway carriage ? Their velocity is no more difficult to observe than 
that of the motor-car on the road near them, and neither more nor 
less an actual velocity relative to the observer. The Teaching Com- 
mittee would be sorry to have described either velocity as fictitious, 
and I hope that on reflection you will agree with their view. 

As to your further criticism, that if one wishes to deal with a 
problem of which the data are those of (6), it is nevertheless better 
to use the principle (a) backwards and so avoid the introduction of 
the second principle (6) ; this is a matter of classroom experience and 
it will not be surprising if opinions differ. My own experience tends 
to show that it is easier to use two principles each in a single straight- 
forward way rather than to employ only one, but to use it in two 
different ways. 

It is rather like the question whether one should use the table of 
anti-logarithms as well as that of logarithms, or whether it is better 
to use the table of logarithms backwards. A great many teachers 
advocate the latter procedure, but none, I think, on the ground that 
it is easier. They say that to use the logarithms only is more 
accurate and not much harder. 

In the case of relative velocities, the two suggested methods do not 
differ in accuracy ; and if the analogy has any force, it would appear 
that the straightforward use of the two principles is the easier 
method and that the recommendation in the Report on the Teaching 
of Mechanics is justified. 

Yours sincerely, 
C. 0. TUCKEY 
(Chairman of the Teaching Committee). 








GLEANINGS FAR AND NEAR. 


906. A biological professor cannot ibly mean that a dog has no sagacity 
or intelligence of his own. Nor can the dog lover claim that his hound could 
ever do crossword puzzles or solve “‘ a simultaneous equation with three un- 
knowns ”—that, according to a speaker at the British Association, being the 
ore qualification for a member of Parliament.—A letter to The Times, 

pt. 30, 1932. [Per Mr. R. A. Vatcher.] 
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METHODS OF LEARNING GEOMETRICAL THEOREMS? 
By A. W. Srppons. 


First of all I should like to say that I am not responsible for the 
subject of this paper. Some member of the Association proposed 
that a discussion should be held on this subject and the Committee 
that arranges the programme for this meeting asked me to read a 
aper. 

. This Association was founded a little over sixty years ago, mainly 
by schoolmasters, and its main object was to advance mathematical 
knowledge by improving the teaching of mathematics in schools, so 
that I am only too glad to welcome any discussion on actual school 
work, and I hope that what I have to say may provoke a discussion 
to which many of you will contribute. 

After promising to read the paper I sat down to consider what 
ground it should cover. It seems to me that the subject covers 
nearly the whole ground of geometry teaching up to the School 
Certificate stage, so the subject is wide. 

It will not be uninteresting to look at the past for a few minutes. 
I started teaching in the last century, and there was much teaching 
at that time that had made little advance since the date of the 
foundation of the A.1.G.T. But for a moment I will go back still 
earlier and tell you two stories of the middle of the last century. 

Canon J. M. Wilson once told me that when he was a boy, in 
writing out Euclid, proofs had to be reproduced with meticulous 
accuracy—to write CBA instead of ZABC would have been 
counted a mistake. 

The late Master of Jesus College, Cambridge, used to tell a story 
about his friend Dicky Webster, afterwards Sir Richard Webster, 
and later Lord Alverstone. After taking his degree before going to 
the Bar, he was a coach in Cambridge for a short time. On one 
occasion a pupil who had to pass an examination in Euclid asked 
Webster to pick out twenty likely theorems, later the list was 
shortened down (if I remember rightly) to eight: after the paper 
the pupil rushed up to Webster’s rooms and burst out, “I am 
through, I am through, I got six of the ones you chose and I got them 
right to a comma ”’ ; he added, “ I am not sure that I put the right 
letters at the corners, but I suppose that does not matter ”’. 

I don’t want to pretend that that was the method of learning 
Euclid when I started teaching ; but still I found that many of my 
early pupils professed never to have done a rider. There was much 
memory work, and but little understanding in some cases. 

Now to come to the conditions that obtain to-day—lI am thinking 
particularly of secondary schools and public schools. Of course, 
much geometry is done in elementary schools. 

In the first stages of geometry a boy or girl has to learn to draw 
and has to learn the language of geometry. In the next stage comes 


*A discussion at the Annual Meeting of the Mathematical Association, 6th 
January, 1933. , 
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the acquisition of geometrical facts, or theorems if you like. The 
child should write out the enunciations of the theorems found and 
learn the enunciations by heart. But how are the theorems to be 
discovered, and how are children to be convinced of their truth? By 
measurement sometimes, by intuition more often, and sometimes by 
logical arguments, by logical proof. 

Some people say that children have no logic in them ; that I flatly 
deny. They have logic inside them, and it is the teacher’s business 
to help them to develop and use that logical power. 

Almost from the first there are theorems that they can prove 
logically. Vertical opposite angles—they see it, but they can appre- 
ciate the logical proof. Corresponding angles for parallels they can 
see by intuition; from that they can deduce the alternate le 
property. The angle sum of a triangle—it is nice to gain first by 
experiment perhaps, but the logical proof is quite easy and will 
appeal. 

Pall through the stage of acquiring a knowledge of facts or theorems 
some logical proof will occur, even in a first year at geometry in a 
secondary school or a preparatory school. Rasy riders should be 
done, and the child should learn the shape of a logical proof and 
should write out the proofs of selected theorems and riders in proper 
form. The desire for logical proof should be created and should 
grow. To my mind, the child has not really acquired a new theorem 
until (i) he is convinced of its truth, (ii) he knows its enunciation, 
(iii) he can apply it to numerical cases, and (iv) he can use it, if need 
be, in a logical proof. 

I spoke a few moments ago of the child writing out selected 
theorems in proper form. That raises a point on which there may 
be some discussion to-day. How far should we insist in these days 
on the strict formality of Data, To prove that . . . , Construction, 
Proof ? I think we should keep them. They are actually a help, 
they make the work precise, and they are a training in English. 

As soon as the child has won the properties of parallel lines and 
congruent triangles, the essential machinery of logical geometry is 
available. We have then to learn the properties of parallelograms, 
the mid-point theorems, areas and Pythagoras, the circle. Still our 
methods are measurement, intuition, and also logic; but more 
and more our pupils should see the logical connection between the 
theorems in a group; more and more they should be led to desire 
logical proof rather than mere experiment and intuition. 

So far, the proofs of theorems have not been our main aim, but the 
child should already have 


(i) a list of theorems the truth of which he believes ; 
(ii) weg to write out the ultimate proof of a good many of 
these. 


I make out that out of fifty theorems that will have to be learnt 
(that is, up to the end of the circle), thirty will already be known as 
results. Kighteen of these the child should have proved logically but 
will not necessarily remember the proof. 
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This stage should be reached two years before the child will take 
the School Certificate. That this is possible with the majority of 
children has been shown again and again ; but even if only one year 
is left, the child ought to be able to come up to the scratch in time for 
the School Certificate examination. Assuming that the child has 
two years, I would plunge at once into the learning of theorems. 
This work is really one of the easiest tasks that the teacher has, pro- 
vided (and I grant that it is a big provision) that the previous work 
has been properly done. I should divide the theorems to be learned 
into three groups : 

(i) Roughly, Zuclid, Book I. 

Angles at a point, parallels, congruent triangles, parallelo- 
grams, ruler and compass constructions (if I may include 
them), loci. (Inequalities may be taken in this year or left 
till the Certificate year.) 

(ii) Areas and Pythagoras. 

(The extensions and Apollonius might be left till the 
Certificate year.) 

(iti) Circle group. 

I do not think it matters much which group is taken first, but] 
would give a term to each, and in one term of that year I would do 
similarity. The last year before the Certificate would ideally be left 
for revision, and would really cover the same ground as the previous 
year, but harder examples could be done. 

Now, I should like to consider these groups in turn, but time will 
not permit me to do that fully. Let us consider the first group 
briefly. 

Haceths most examining bodies follow the recommendation of the 
Board of Education and do not require the proofs of some of the 
fundamental theorems. Those theorems are the hardest to prove, 
and the proofs are often unlike anything else the boy will have to do, 
and perhaps the proofs are the least satisfactory. But it is very 
essential that the boy should realise that these theorems are part 
of the fundamental assumptions, part of the foundation on which 
he has to build. 

The theorems, proofs of which are generally not required, are 
those about angles at a point, parallels, congruent triangles. 

Of those that the boy must be able to prove, the angle-sum of a 
triangle presents no difficulty. The isosceles triangle theorems 


present the difficulty (i) of hypothetical construction ; and (ii), why ] 


peed the angle rather than the base ? 

oup of theorems I have mentioned so far, though they do 
Be - include many of which proofs are required, need a lot of atten- 
tion. The boy should have some definite idea of the order in which 
they come. 


(i) 2 line theorems ; 
(ii) 2 parallel lines and a cutting line ; 


(iii) triangle (3 line) theorems ; a) the angle sum of a triangle, 
(6) congruence and isosceles triangles. 
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A lecture with questions about them at an interval of a fortnight 
and again at the end of the term. 

Inequalities are a side issue and can be treated as a separate group 
atany time. The only difficulty is to remember which is the funda- 
mental theorem. 

The parallelogram group the boy will have already done as riders. 
The definition must be rubbed in hard, and if the boy has been 
properly taught in the earlier stage, he can write out the proof of any 
part (except one) of either theorem, and if he cannot there is little 
hope. Several of the cases must be written out so as to see that the 
boy knows the shape of a proof and is logical. Incidentally he must 
be told always to name the parallels when he is saying that a pair of 
alternate angles are equal. 

Here let me digress a little on method. 

I never teach geometry unless every boy has beside him a piece 
of scrap-paper. 

Suppose the work in hand is a rider from the book or a theorem. 
I let every boy try to draw his own figure. This translation from 
the words of the book into a figure needs a lot of practice. The boy 
learns little from just watching me do it ; but, if he tries himself, 
he may learn a good deal from watching me. Incidentally, the boy’s 
difficulty is more effectually dealt with because it is dealt with at 
once and the boy is saved from waste of time. 

N.B.—I don’t let the boy put his own letters in the figure ; I make 
him take the same letters that appear on the blackboard. 

When I have drawn my figure, there may be questions the boys 
want to ask about the figure, and some boys will need to draw new 
figures. 

"With a theorem I follow the same procedure. Well! we have got 
as far as the figure. 

Each boy then tries to prove the rider or theorem, not writing it 
out but merely marking things in his figure. After a few moments 
I cross-question the class, “What have we got todo?” I may get 
the answer, ‘‘All that we need do is prove those two triangles 
congruent ’’. 

“ Each of you write down the three equalities that would do that.” 

After a minute or two, viva voce work is taken up, and I mark in 
my figure the things the boys tell me to mark. Any mistakes are 
dealt with at once, and the class should be able to write out the 
complete proof if called on to do so. Occasionally it is well to let 
them write out the proof at once, but I seldom do this. 

More generally I discuss two or three allied theorems in this way, 
and then at the next or a subsequent lesson let them write out one 
of them. Generally I —— that they should glance through the 
proof in the book after the lesson I have sketched above, and before 
they write it out. Sometimes there is an interval of a day, sometimes 
of a week or two weeks, between the lesson in which we discussed the 
theorem and the lesson in which it is written out. 

If boys have been well grounded and logical power is well deve- 
loped, the writing out of theorems depends mainly on remembering 
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where the theorem comes, what theorems precede it. Therefore the 
master’s task is to dwell on the chain of theorems to drive home the 
perspective of the theorems as a whole or of a group. The odd two 
minutes at the end of a lesson can often be used to tickle their 
memories. ‘‘ Draw the figure for the fundamental theorem in such- 
and-such a group.” 

A good lesson is to go through the whole lot of the theorems the 
child has to know and ask what is the fundamental theorem of the 
various groups. , 

“* What is the fundamental theorem about tangents ? ”’ 

“‘ Give the enunciation of some other theorem about tangents.” 

“What is the fundamental theorem in the angles of a circle 

oup ?” 

“ What is the fundamental theorem about areas ? ”’ 

“‘ What is the fundamental theorem about similar figures ? ” 


Once they know which is the fundamental theorem, the order of 
the rest of most groups of theorems does not matter much. 

Then we have lessons on single groups of theorems. 

Take the angle properties of a circle. 

I have two methods which I use at intervals of two or three weeks. 

(a) “‘ What is the fundamental theorem of the angles in a circle 

oup ?” 

Bech boy has scrap-paper beside him and draws the figure. Mark 
in the figure the various facts that you will use: ‘“‘ Are you convinced 
that you could get full marks for it ¢ ” 

I draw my figure on the board (one case only). 

“* What facts do we use ?”’ Probably we go through the proof. 

“How many of you remember that there are two cases? Full 
marks 8, 3 off if you only did one case. How many of you could 
get 8? How many 5?” 

“* How shall we describe the cases ? ”’ 

“ Now write down the enunciation of, or draw the figure for, a 
theorem that depends on this.” 

We discuss that, and then another, ultimately getting up to the 
alternate segment theorem. At subsequent lessons the class will 
write out one or two of these theorems. 

(6) Two or three weeks later, I shall go over the whole group again, 
probably asking which is the last theorem of the group; on what 
theorems does it depend ? How do we prove it ? Then take one of 
those theorems and so work back to the fundamental. 

In this way the boy gets into his mind the order of the theorems 
in the group, and if he has that he should be able to write out any 
individual theorem. 


But I ought to have said that there are two theorems in this group 
the proofs of which I should have ignored so far, namely, the con- 
verses of angles in the same segment and of the cyclic quadrilateral ; 
probably leave them till the Certificate year. They present more 
serious difficulties and need slightly different treatment. First there 
is the enunciation of the first one. Each boy tries to state it and so 
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we learn that it is not easy to state, and eventually the enunciation 
is learnt by heart. Then the proof is discussed fully and we take the 
other theorem in the same way. I then tell the class to glance at the 
proof in the book and a few days later they try to write it out. 

I might say a lot about other groups or individual theorems. For 
example, I might say that after doing Pythagoras, I let each boy 
try to draw the figure, but I do not give them the theorem to write 
out until every boy can draw the figure and feels pretty sure that he 
has the argument complete. 

Here is one small point about similar triangles. When a boy has 
proved that two triangles are equiangular with one another in such 
a figure as here shown, I tell the class to write AE SS ES and 


then write the corresponding sides underneath. Perhaps I ought not 
to say this as Professor Lodge is not here to express the opposite 
view, but I do not think it is wise to burden the child with consider- 
ing whether to write XS or SX; for me it is enough if the child 
writes down the side opposite the proper angle. 

As I said, I might say much more, but I think that I might sum 
up what I do about learning theorems briefly as follows : 


(i) I aim at developing power and geometrical knowledge ; 
(ii) by frequent discussion of whole groups of theorems, I aim at 
giving the boy a general perspective view of the theorems in 
& group and so a knowledge of the order in which they come ; 
(iii) after that I trust to luck and do not, I hope, descend to cram. 


Discussion. 


Mr. W. Hope-Jones (Eton) said that in the absence of Prof. Lodge 
he would endeavour to maintain the point of view he shared with 
him, though he was not accustomed to be able to state it as well as 
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Prof. Lodge himself. He referred to the naming of triangles. He 
believed in the importance of naming the triangles so as to make it 
clear what sides and corners of one corresponded to what sides and 
corners of the other. It might be a little bit of a burden to start 
with, but it saved boys, especially stupid boys, from the kind of 
mistake they were most likely to make later on. If, in addition to 
that, all the sides were called by single letters, the difficulty in the 
writing down of the equation disappeared, and when it came to 
writing down the names of the original triangles, a great deal of help 
was afforded by the use of colours. Of course, the marks of different 
kinds in the angles did help, but if colour were used to differentiate 
the angles it helped still more, and by that a yy he thought, 
the difficulty would be found to disappear. for the names of 
triangles, these could always be filled in afterwards when it was 
clearer how they should be written than at first. He felt that he had 
not stated this point of view as well as Prof. Lodge would have 
stated it, but that he must not let it go by default. 

With regard to construction, the Eythegoves proposition was the 
particular case he had in mind. He had found it a great difficulty 
as a small boy to know what lines to join in that construction at the 

inning. Here, he thought, they wanted to be a little more 
merciful and fall back more on common sense. What was the object 
of this construction ? What was the sensible line to draw? Only 
one was obvious, the line that would divide the big square into two 
er in the most promising way ; and that was the line that ran 

m the right angle of the original triangle at right angles to the 
hypotenuse. As to the other two lines that had to be joined, he 
would leave them out for the time being. It would be found later on 
what lines needed joining, and then these could be joined because 
they were needed, and not because they had to be learned out of a 
book to start with. 

Miss E. F. Edwards (Fairfield High School) pointed out that 
children were helped to remember the construction for proving 
Pythagoras’ theorem if they were shown that the second triangle 
was obtained by twisting the first through a right angle. 

Mr. F. C. Boon (Dulwich College) said that a rather curious point 
occurred to him, having regard to Professor Lodge’s insistence upon 
the naming of the triangles in the proper order. It was that this led 
to a very simple cramming device to which both Professor Lodge 
and Mr. Siddons would object. The speaker exemplified on the 
blackboard how one triangle might be taken, and its name written 
down, and underneath it the name of the corresponding triangle 
might be written according to the marks put for the angles. Thus 
if in the triangles ABC and PQR, .A=2P, 2. B=2Q,and .C=cR, 
one might write down the three sides of the first triangle, not 
choosing any particular order and underneath write the corre- 
sponding letters of the second : 


BC CA AB 
QR’ RP’ PQ 
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One might then insert signs of equality between the fractions and 
obtain the statement of proportionality for the sides.. The boy in 
that case need not understand the proposition at all. 

Asked by a member of the audience whether that was a process 
they encouraged in algebra, Mr. Boon replied, “ Not I’. 

Mr. W. C. Fletcher said that he would just like to emphasize a 
point which Mr. Siddons had made. In former days the first thing 
to learn was the propositions and their proofs—possibly some day 
one might be able to do riders, more probably not. Modern practice 
really begins with riders and takes the proofs of propositions more 
or less incidentally. What Mr. Siddons said was relevant and true, 
but perhaps he might have stressed more strongly the fact that 
proofs of propositions do need learning—though this is better done 
late than early. The difference is that they can then be constructed 
instead of being taken ready made and merely learnt. Very often 
the whole thing—enunciation as well as proof—can be constructed, 
and the process is interesting and valuable. Consider, for instance, 
the formulation of the converse to a known theorem ; it is an easy 
step to draw a figure and say, for instance, “ if these angles are equal 
a circle will go through these four points” ; it is easy — to add 
letters and state the special enunciation in a formal fashion ; it is 
harder to evolve a satisfactory form for the general enunciation, but 
it can be done and is well worth doing—a first-rate exercise in com- 

ition. As to the proofs, the best way, at all events for revision 
—and the whole matter of learning propositions is really revision—is 
that recommended by Mr. Siddons, namely, working backwards. 
Start where you like, and ask what propositions does this depend 
upon ? Working backwards one inevitably comes in the end either 
to congruence of triangles or to parallels, or both. And this is the 
time to explore these basic propositions which have hitherto been 
accepted as intuitive. 

Mr. M. P. Meshenberg (Tiffin School) had been rather disappointed 
at the absence of any guide in Mr. Siddons’ paper to the manner of 
dealing with one or two groups of propositions that usually had a 
poor background, especially as one of them seemed to be steadily 
dropping out of favour, namely, the group referred to im the first 
paper read that morning, the semi-algebraical theorems, as he liked 
tocallthem. There seemed to be a general agreement that the case 
went by default, that these theorems were best treated as mere 
pictorial representations of algebraical facts, and did not seem to 
have any independent geometrical existence. But they arose out 
of practical necessities, perhaps as much as the time-honoured 
Pythagoras theorem. The prime object of all these theorems, in- 
eluding Pythagoras and its extensions, also Apollonius, as well as 
(possibly) the rectangle theorem of the circle, was the necessity for 
replacing distances measured from inaccessible points by distances 
measured from accessible points. That must have arisen quite 
early in constructional and surveying work, and the basic formula 
arose that distances measured from the ends of a line—that is, from 
two points which were inaccessible—to any other point might be 
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replaced by distances measured from the mid-point of that line, 
If the line were called AB and the middle point O, distances measured 
from any point to A and B could be replaced by distances measured 
from O. e advantage that he had found in that method of treat. 
ment was that it made a whole host of theorems—very unpleasant to 
teach separately, and much more unpleasant for the boys to learn— 
into a unified whole. The extension of Pythagoras, the Apollonius 
theorem, the rectangle property of the circle, and even of co-axal 
circles were obtained in a manner which replaced the distances 
measured from the ends of a line to a point by distances measured 
from the mid-point or from the centre of the circle. 

He wished to mention one other point as a suggestion that 
occurred to him, namely, in connection with the opening of geo. 
metry by discussing the intersection of two lines, then, by parallels, 
of three lines, and thus getting to the triangles. It happened to 
contrast with his own method for many years of starting geometry 
by considering the neighbourhood of one point, its “‘ morphology ”— 
if he might use such an expression, borrowed from another science— 
by drawing rays from the point and discussing the angles ; then of 
two points. That introduced parallels as the only device for trans. 
lating the “ morphology ” of one point to the “ morphology ” of 
another: Then they went on to the geometry of three points, when 
they made the thrilling discovery that the three basic angles, those 
introduced by joining the three points, always had a fixed sum. It 
was a startling theorem, and extended itself naturally into the 

metry of many points. 

Mr. J. Katz (Selhurst Grammar School) said that Mr. Siddons had 
very rightly concentrated on how the proposition should be learned 
in the presence of the teacher. He rather wanted to raise the point 
of how the proposition should be learned in the absence of the 
teacher. Suppose that a boy had done the proposition with the class 
and the teacher. There must come a time when he would want to 
get at the proposition by himself. He would, of course, have his 
notes and text-book. This boy needed a certain amount of hel 
He would like to offer one or two psychological “ tips ”’, if he might 
call them so, as to how to set about revising the proposition. He 
would suggest, in the first place, that the boy ought not to draw the 
whole figure. If he understood Mr. Siddons aright, he very often 
tested the class rapidly by saying, ‘‘ Who can draw the figure for this 
Sp ence ?”” He presumed that by that he meant the whole figure, 

t seemed to him that when the boy was revising the proposition by 
himself or preparing it for the morrow’s lesson, he ought not to draw 
the whole figure, but ought to draw it piece by piece, putting in the 
various lines or points which he required as the proof developed. 
Otherwise one was tempting him to learn the whole proposition by 
heart. 

In that connection he wanted to make a rather special point. 
Ought one not to abandon the tradition of having the so-called con- 
struction as a distinctive formal element in the proof? A theorem 
in this respect was quite different from a problem. In a problem one 
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had to invent the construction, but in the case of a theorem one was 
using the construction to assist the proof. If one was going to ask 
the boy to state the whole construction first, one was tempting him 
to learn the proposition rather unintelligently, which it was not 
desirable that he should do. Therefore he would make a case for 
omitting the construction as a distinct formal element in a proof: 
Let the construction appear in the proof at the point at which it was 
required. He would like to hear Mr. Siddons’ opinion upon that. 

His other point was that he thought they ought as far as ible 
to encourage the use of the letters of the Greek alphabet, a, 6, y, and 
so on, for angles, instead of the angle ABC. It would save time in 
both writing and speaking. He did not know what the objections 
were to a very considerably enlarged use of Greek letters in place of 
the old-fashioned ‘‘ angle ABC ”’. 

Mr. Roebuck (Swanbourne House School) said that with regard 
to the old construction headings, he would like to disagree with the 
last speaker (Mr. Katz) on the ground that one of the difficulties, 
with the not too intelligent boy, was that he was very apt to include 
in his given facts just those lines which he presumably was drawing 
in order to help out his proof, and which he should think of much 
later. As soon as he was getting rather familiar with that proposition 
he did somewhat tend to put everything down as “given’”’, and in 
the end succeeded in showing that he was unable to give anything 
of logical value at all. The speaker thought ‘‘ Added lines’ a better 
heading than “ Construction ”’, for again there were boys who found 
it rather difficult not to confuse the “ construction” lines added 
to a diagram to help out a proof, with an accurate construction 

r. 

a R. M. Wright (Winchester) said that it might be in ing to 
some among the audience if he drew a parallel with another kind of 
writing-out in which one had to get lucidity of expression above all 
things and also exactness of sequence, namely, the writing out of 
military orders. Military orders, according to the text-books, had 
to be written in the following sequence: information about the 
enemy, information about own troops, intention of the commander, 
and method of carrying it out. If these were transferred to the field 
under discussion, the first thing, the enemy, obviously corresponded 
exactly to the examiner ; “ own troops”’ was one’s own construction 
to help one in defeating the examiner ; the “ intention ’’ was quite 
clearly what was required to be proved, which was the objective, and 
the method of carrying it out was the proof. This analogy did show 
the necessity of having a clear and formal sequence, and if anything 
else was put into a similar framework : e.g. an essay, or a movement 
in a musical symphony—it would be found that one got a pattern 
which did appeal easily to the ordinary mind. 

Mr. 8. Lister (County School for Boys, Gravesend) desired to 
mention one or two things which had arisen as a matter of practical 
experience. In writing out theorems and riders, if a boy were asked 
to divide his page into four portions by lines down the middle of the 
page and across the page, he might put the figure in the top left-hand 

¥ 
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, the enunciation and construction in the top right-hand space, 
the proof in the bottom left-hand space under the figure, leaving the 
fourth space for the reasons. If this space were left empty it would 
be an obvious reminder that the reasons for the steps of the proof had 
not been given. Instead of having to write out the full enunciation 
of a reason, if one m to abbreviate the reasons, it was a good 
thing for the boy himself. The speaker, by illustration on the black. 
board, gave examples of his own abbreviations ; he used, for instance, 
the sign ||| for similar triangles. By the use of various abbreviations 
tremendous help was obtained in writing out, and the writing was 
speeded up, which was an advantage. _ d 

One other point was that few pupils realised that there were 
theorems whose converses were not true. He drew one figure on the 
blackboard—the angle at the centre of a circle and an angle at 
the circumference standing on the same arc. The converse of the 
theorem illustrated by that figure, as he demonstrated, was not 
true, but the pupil, in nine cases out of ten, would say it was, and 
he himself had received some ingenious proofs using the fact that 
the point he indicated was the centre of the circle, when this was 
not necessarily the case. 

Mr. N. F. Sheppard (Lord Wandsworth Agricultural College) said 
that he believed that in German schools the ambiguous case was not 
stated as in this country. He demonstrated on the blackboard that 
there need be no ambiguity at all in certain cases in which there 
was not a right angle. The Germans stated that if two sides of a 
triangle and the angle opposite the greater of those sides were 
given, then there was no ambiguity. He could-see no objection te 
our teaching the same fact. He would like to be enlightened upon 
that point. 

Mr. Siddons, in replying on the discussion, remarked that his 

per must have been a success, because it had kept people talking 
for the exact time scheduled for the discussion. Of course, many 
of the things which participants in the discussion had stated were 
things which he himself would have liked to have said had there been 
time. With regard to the question of colours, had he thought of it, 
he would have made an excursion to his classroom before coming to 
the meeting and have provided himself with coloured chalks. He 
begged them by all means to use coloured chalks. With regard to 
Mr. Hope-Jones’s suggestion about the dividing up of the square of 
the Pythagoras theorem into two figures, he used both those, and 
he also appreciated Miss Edwards’s suggestion. 

As to the importance of learning a proposition, he felt that this 
was important, but that it came after the riders, and here he wished 
to reply to Miss Seymour, who had asked whether backward children 
should ever learn propositions. It depended on whether they could 
ever do riders. It was of no use their doing propositions until they 
could do riders. With a good teacher it would be longer before they 
got to propositions, but many teachers would cram them with pro- 
positions. For his own part he would not descend to teaching a boy 
to learn propositions until he could do riders. He met two years ago 
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one of his old boys, who said, “ You don’t remember me?” He 
replied, ‘‘ Yes, Ido. You are the boy who most nearly defeated me 
in teaching geometry’. He was very nice about it and said, “I 
know I was pretty awful ”’. 

With regard to data, and how formal they should be, for riders he 
did not mind being less formal, but for theorems one should be 
paeely developing formality. One had to grow more and more 
ormal. 

He had been interested in Mr. Fletcher’s remarks, and he wished 
that Mr. Fletcher had read a paper instead of himself. 

Mr. Katz had talked about learning without a teacher. . What he 
had said was quite true. The boy had to look at the book, of course. 
He quite agreed that the boy should build up his figure as he went 
on. He always told the boys, “‘ Never read a book on geometry 
without a piece of paper beside you, and work from your own figure, 
not the figure in the book ’’. He had been interested in what Mr. 
Wright said on the subject of military orders. It was an excellent 
parallel. Writing out the theorem was a question of abbreviating 
reasons, and so on. All that was training in se pI For example, 
instead of saying, “ This angle equals that angle because they are 


vertically opposite ”’, it read far nicer to say: “ This angle equals 
the vertical opposite angle so and so ”’. 

Mr.. Katz had raised the point whether constructions should be 
put out formally first or should be stated in the course of proof. For 
his own part he liked putting out a thing formally first. In the case 
of a theorem the boy was familiar with the whole thing, but he would” 


like to stick to the formal way of putting the thing out. 

He had been interested to see the abbreviated references to the 
congruence theorems cropping up again which Mr. Lister had demon- 
strated on the blackboard. He believed they were originally due to 
a master at Osborne, Mr. Price, and he had always given him great 
honour on that account. He had never come to the conclusion that 
it should be given as a formal way of putting a reason, but he used 
it, and had advocated it being used in order that the boy might show 
that he did really understand which theorem he was using. 

Mr. M. P. Meshenberg said that before the discussion closed, he 
did not think the Mathematical Association should allow it to go 
by default that “‘ some theorems had no converses ”’, nor should they 
speak of “the converse” of a theorem, for a theorem could have 
many converses, as many as there were facts in the statement which 
could be interchanged with the fact required. There were one or 
two theorems in elementary geometry which had three distinct con- 
verses, all of them true. 

On the motion of the President, a hearty vote of thanks was 
accorded to Mr. Siddons for his paper. 











207. Nulle courbe, ni nulle droite réelle ne peut passer entre deux lignes 
réelles qui se touchent; ce ne sont-la que des jeux de l’entendement, des 
chiméres idéales; et la véritable géométrie est l’art de mesurer les choses 
existantes.—Voltaire, L’homme aux quarante écus. [Per Mr. J. B. Bretherton.] 
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APPROXIMATING TO A SQUARE ROOT. 
By R. F. Murrueap. 


Tue method explained by Dr. C. V. Boys * has great merit. I for 
one fully sympathise with his preference for vulgarity in fractions, 
What here follows is meant to be to some extent supplementary to 
Dr. Boys’ article. 

If we denote by P,/Q,, P,/Q,, ... the successive convergents to /M 
in Dr. Boys’ series which are arithmetic means, and P,=p, Q,=9, 
the law connecting them is . 

Pri =P2+ MQ,’, Q141=2P,Q,. 
In particular P,/Q,= (p?+ Mq*)/2pq, which may be written 
(pP, + MqQ,)/(qP, + PQ). 
This suggests another law of convergents : 
Py 43/Qr41= (PP, + MqQ,)/(qP,+ PQ,). 


The chief advantage of this is that we can get simple formulae for 
P,, Q,, namely 


P,=p* + ¢.p"* Mg" + op" 4#M Gf + ... + Comp" 2M MgG2™ +... , 
Q,- = c,p""q + cp’ * Me Slee! ConsaP” om me geet eres a 


where ¢,, is the coefficient of z™ in the expansion of (1+2)"’. These 
formulae are easily verified by induction. 


Thus PQ= (p+ 6p*Mq? + M%q")/(4p'q+ 4p Ma). 
In the case of Dr. Boys’ example, where M=10, p=19 and q=6 
this becomes 


(3612+ 6 . 361 . 360+ 360*)/4 . 6 . 19 . (361 + 360) = 1039681 /328776, 


and by division we get 3-16227760169 ..., so that the error does 
not affect the 11th decimal place. 
To discuss further the nature of P,/Q, we observe that if 


a=(p—q/M) and B=(p+qJ/M), 


then P,+Q,/M=p" and P,-Q,/M=a", and aB=p*—q*M, 80 
that a=(p*- q@?M)/B. 


Hence P,/Qrs/ M = (8" +. a")/(B" — a") 
Qat 
= 1 + pr—ar 
Thus P,/Q,=/M+ aed 


Thus the error in excess by taking P,/Q, for /M is 2a",/M/(B* — a’). 
Now f° tends to be very large, and therefore a’ to be very small, 
so that a close approximation to the error is given by 2a‘,/M/f*. 


* Math. Gazette, XVI (May, 1932), p. 111. 
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Further, ./M approximates to P,/Q, and 


a= (p?-g°M)/(p+q./M) 
which approximates to (p*—q*M)/2p. Thus a fairly close approxi- 
mation to the error (which is always in excess) is 
2p (p* — q°M)/(2p)**. 
So going back to the numerical example already considered, the 
error in excess by taking P,/Q, is about 2 . 19/(6 . 38°), which is less 
than -13x 10-". If a closer approximation is required, we can use, 
say, P,/Q,, where 
P,=p*+ 280 . 361° . 360+ 7000 . 361? . 360? 
+ 28000 . 361 . 360° + 10000 . 3604, 
Q,=8 .19 . 6. (3615+ 70 . 361? . 360+ 700 . 361 . 360? 
+1000 . 360°), 
and the error would be approximately 1/(6 . 38°) which would not 
affect the 24th decimal place. 
An alternative method of getting a closer approximation would 
be to iterate the process of deriving P,/Q, from p/g. This would give 
(Pf+6P2MQ?2+ M°Q8)/2P,Q,(Pi+ MQ), 
or, in the case of ,/10, 


1039681* + 60 . 1039681? . 328776? + 100 . 3287764 
2 . 1039681 . 328776 . (10396817 + 10 . 328776?) 


with an error in excess of about 10-°5/8, which would not affect the 
55th decimal place. 

The convergence is most rapid when p and g are chosen (as in the 
above case) so that p?— Mq*=1. Such values of p and g can always 
be found, when J is an integer, by the aid of continued fractions. 
We note that in this process, whatever value we choose for r, only 
one operation of “long division ” is required, and that the closeness of 
the approximation attained is easily estimated. Dr. Boys’ method 
is equivalent to a continued iteration of the step from P,/Q, to P/Q, 
and involves one “ long division ”’ for each step. 

Since writing the preceding, it has occurred to me to seek for 
formulae giving the rth approximation and its error, in Dr. Boys’ 
own method. Taking a=p-—q./M, B=p+q./M, we have 


p=3(8+a), g/M=}(B-a), 
and the first approximation is p/q with error p/qg—./M or a/g. The 
second is (p? + q*M)/2pq. 
Thus if we denote the numerator and the denominator of the rth 
eS by P, and Q, (where these have now significations 
l —_ from what they have in the previous part of this article), 
we have 


P,=p?+ GPM =}(a*+ A); Qy=(h*-a°)/2/M, 
P,=P2+ Q,°M ={f (6? + a%)}* + (8? — a?) = 3 (B*+a4), 
Q3=2P.Q.= 2 (8? + a*) (8? — a*)/4,/ M = (8*— at)/2./ M ; 
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and, generally, 
P,=4}(8"+a"), Q,=(8"-a")/2./M, where n=2"-1, 


J/M=J/M+ 


Thus P,_B%+a" 2a",/M 
Q, B™-a" Be —a"" 

Thus the error in excess in taking P,/Q, for ./M is 2a"./M/(8" — a’) 
and since a=(p*—q*M)/B, and ./M =p/q, B=2p and (a/f)"—0, 8 
good approximation to the error is 

2p (p*—q?M)" 
q(2p)" 
Also with the same meaning as before for c,,, we have 
P,=p" + zp" *M¢ + op* 4* MY + ... + Cgnp™** Mg +... , 
Q, = c,p"1q¢ + cp" Mg 4 Connie get +..., 
where, as before, n=2'-!. R. F. M. 





908. Decetvep. Professor G. N. Watson, of Birmingham cee, ee 

a confidence trick on a hall crowded with people this evening. They co 

to hear what he advertised as “‘ The marquis and the land agent—a tale of the. 

eighteenth century ”’, surely the sti t title ever chosen for a presidential 
to the Mathematical Society. Hoping to hear a good bedtime story for 

mathematicians, I went to the meeting and found it very full. 

Blandly Professor Watson opened by saying he had chosen a “ seductive 
title which does not have a very close connection with the actual subject”, 
He raised our hopes again by promising he would keep off a subject on which 
he has spent the last two years, but which apparently is so abstruse that to 
talk ag it even to mathematicians would on his own admission have emptied 
the 4 

Instead he gave an “ elementary ”’ account of work on ares of ellipses and 
other curves which led to the theory of elliptic functions and doubly periodie 
functions generally. 

As soon as Professor Watson put the lights out to show a slide I shot off at 
a tangent.—<She Telegraph, 6th January, 1933. The next paragraph is 
headed ‘‘ Zebra ks”! [Per G. N. W.] 


909. ‘ I’m going to teach Miriam algebra’, he said. “‘ Well”’, replied Mrs. 
Morel, “ I hope she’ll get fat on it ’’.—D. H. Lawrence, Sons and Lovers, ch. 7. 
[Per Mr. P. J. Harris.) 


910. I have often thought that if men would put into the search for Truth 
one hundredth part of the energy they put into the holding of their delusions, 
we'd have an enlightened world to-morrow. . . . I remember having the most 
terrible trouble with a lunatic a few years ago! ... His fixed idea was that 
all life revolved round the basic principles of the straight line and the curve; 
and that until mankind—which mistakenly called them God and the Devil 
respectively—had returned to the worship of the straight line and banished 
the curve te everything, we'd all go hurtling to hell-fire ! .. . He also held 
that Woman was more the centre of evil than Man, because, as long as het 
body retained its t form, curves would persist in Nature though banned 
in architecture. You can see how the coming of evil into the world with 
Woman can be worked out 7" that theory !—Temple Lane, The Bands of 
Orion, bk. ii. ch. 4. [Per Mr. P. J. Harris. ; 
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PARAMETRIC EQUATIONS IN ELEMENTARY 
ANALYTICAL GEOMETRY .* 


By A. Rosson. 


MATHEMATICAL students are usually familiar with the parametric 
coordinates (at?, 2at) of a point on a parabola, and with the eccentric- 
angle coordinates of a point on an ellipse, and with similar coordi, 
nates for a hyperbola. Such coordinates are probably welcomed by 
the student just because they reduce by one the number of letters 
and the number of equations with which he has to deal. 

If af? is substituted for x,, and 2at for y,, but everything else is done 
in just the same way as before, parametric methods are not really 
being used. Parametric equations are something more than con- 
venient coordinates. 

I shall not attempt to give any general account of their use, but 
shall illustrate it by special cases such as that of the parabola. Two 
or three general results which will be mentioned are only intended 
as reminders for the teacher, not as proposed additions to the curri- 
culum. 

The very form of a typical question is in one way misleading : 


** Find the equation of the tangent at the point (at,*, 2at,) to 
the parabola y*=4az’’, 
translated into the language of parameters, becomes 
‘* Find the equation of the tangent at the point ¢, to the para- 
bola «=al*, y=2at”’, 


or better still, “‘. . . to the parabola x: y: a=@ : 2¢:1.” 

Everybody knows that if ¢ is eliminated between the parametric 
equations, the ordinary equation is obtained. What is apt to be 
forgotten is that ¢ ought not to be eliminated. 

Perhaps the process most typical of parametric methods is that of 
finding where the straight line 


lx+my+na=0, 


meets the curve a:y:a=f(t): g(t): h(t). 


The points are given by 
Uf(t) +mg(t) + nh(t)=0, 


which is an equation for their parameters. 

For example, to find the equation of the tangent at the point ¢, to 
the parabola x: y:a=f*:2t:1, we have only to write down an 
equation which reduces to f* — 2t,t+t,2=0 for those values of z, y. 
It is x—ty+at,?=0. 

Again to find where the tangent at the point t, to the semi-cubical 


* A paper read at the Annual Meeting of the Mathematical Association, 6th 
January, 1933. 
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bola «:y:a=#:f:1 meets the curve again, we use the 
equation lé+ mé? + »=0, which has roots ¢,, t,, ¢; such that 
tat, + tyt, +t,t,.=0 ; 

if t,>t,, this equation shows that t, > — }t,. 

More generally, if f(¢), g(t), h(t) are polynomials and ¢™ is the term 
of highest degree therein, equation (2) is of degree m in ¢t and shows 
that the curve meets a straight line in m points. It is a curve of 
order m. 

The condition of equal roots of (2) is found from 

Uf" (t) +g’ (t) + mh’ (t) =O. 22.2... seeeeceeeenees (3) 

Equations (2) and (3) give 

gh | 9 ge eo | fg 
Sabb Said bbb) oy ce beats: 
gw) efi ifg 

which are parametric envelope equations of the curve. 

Equations (1), (2), (3) give by elimination of 1, m, n 

x y a |=0, 
f® gH) ho 
fO g® *@) 

which is the equation of the tangent. This applies even when the 

functions f, g, h are not algebraic. 

When f(t), g(t), A(¢) are polynomials the curve is called rational, 
and it is interesting to enquire what curves are rational. Although 
this may be outside the scope of elementary analytical geometry, it 
need not be outside the mind of the teacher of that subject. 

In the first place, every conic is rational. For example, 
for y?=4ax, y/2a=22/y, =t; thus y=2at, z=al*. 

And an easy extension of this process leads to the parametric 
uations of any conic. For the equation of a conic may be written 
=ay, where a=0, y=0, B=0 are two tangents and their chord of 

contact ; putting B/y=a/B=t, we get 

@:t:l=a:B: y=art+by+c, : agrt+ byy+cy: agr+by+cz, 
whence 
w2:y:1=A,?+Agt+A,: B+ Bt+B, : C+C4+C,; 

thus every conic has rational parametric equations. 

The usual equations z=a cos ¢, y=b sin ¢ of an ellipse are special 
cases of (4), since they can be written 

aja: y/o: 1=1-#: 2¢:14+28. 

Similarly for the hyperbola. 

Another special case is the parabola x=al*, y=b(1 — t)*, which 
used to be written in the form 


G)+(6) = 





the 
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As a numerical example of a parametric conic, we may take 
x:y:l=t:#-2:@+#-1, 
which is the same as 
#@:¢:1=(2-2¢-y):2:l-z-y. 
The equation of the chord t,, t, of this conic, found from 
#— t(t, +t.) +4t,.=0, 
is (2 — 2a — y) — a(t, +t.) + (1-2 — y)ht,=0. 
By the same method the equation of the tangent at t is 
(2 — 2a —y) — 2ta+ (l-2—y)#=0. 
The straight line lx + my+n=0 meets the conic where 
t+ m(é — 2) +n(t?+¢-1)=0, 
and hence the tangential equation is 
° (1+ n)* + 4(m +n) (2m +n) =0. 
If the pole C of lxa+my+n=0 is (x, y), the parameters of A, B in 
Cc 


Af \5 
Vi h la+my+n= 0 


Fie, 1. 


the figure are the roots both of (6) and of (7); therefore 
2-2r-y -—2z l-2z-y 
—-2m-n l+n” m+n 
8 gp 90a 38 
lin 8m+6n 1+6m+5n° 
The centre is the pole of the line at infinity, whose envelope coordi- 
nates are (0, 0, 1). Hence from (8) the centre is 2/l=y/6=1/5. 
Also the asymptotes are the lines through (4, $) whose directions 





> 


whence 





are given by c= an 5: where #+#-1=0. 
To find the axes, we have 
1+6m+5n=0 and m(l+n)=1(8m+6n) 


to put C at infinity in the direction perpendicular to AB. These 
equations give /?=m?, thus (I, m, ) is (1, 1, - {) or (1, —1,1); thus 


at+y=f, 
r-y=- z: 
The foct may be found in the usual way from the tangential 
equation by identifying 
(t — lz — my)? + 4(m — lz — my)(2m — la —- my)=0 
with 2 + m= 0. 


the axes are 
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Thus the usual details about a conic can be found by simple 
methods from parametric equations. 


If ¢,,{x, y, 1}=0 is the general algebraic curve of order m, the 
conic (4) meets it where 


bmi A,f+Agt+ As, By? + Bt+ B,, C?+C¢+C,}=0, 


and this is an equation of degree 2m int. For example a conic meets 
a quartic in eight points. 

An alternative method of reaching pa®ametric equations of a conic 
is to find where a line y=tx through an origin O on the conic meets 
the curve again. The substitution of tx for y in the equation of the 
conic gives a quadratic for x of which one root is zero ; hence the 
other root is rational, Thus the z and y of a point on the conic are 
found rationally in terms of ¢. Moving the origin to an arbitrary 
point only adds constants to the values of x and y. This method 
may be applied to a cubic curve with a double point or.cusp. 

Non-singular cubics do not have rational parametric equations ; 
for if such equations are given, a double point or cusp can be found, 
as in the following example : 


The cubic 2:y:1l=@+1:8-1:t+1 

meets lx+y+n=0, where 
U(@+1)+8@-1+n(t+1)=0, 

i.e. in points whose parameters t,, t,, t, satisfy 

£,+t,+t,= —- l, tot, + tt, +ht.=n, t,tt,=1 ~j—n > 
is the condition of collinearity for three points on the cubic. If 
then (9) is true for all values of ¢,. This means that ¢,, ¢, are the 
parameters of a double point on the curve. The solution of (10) 
gives t and —i as the values of ¢,, t, ; thus (0, — 1) is an (isolated) 
double point. 

In general, a curve has rational parametric equations if it possesses 
as many double points and/or cusps as it can, having regard to its 
order. A non-degenerate curve of order m cannot have more than 
4(m —.1)(m— 2) double points, and if it has as many as that, it will 
have rational parametric equations. 

For example, a cubic cannot have two double points, because the 
line joining them would cut the curve four times, twice at each 
double point. 

And a quartic cannot have more than three double points, 
because if it had four the conic through these points and another 
point of the curve would meet the quartic nine times. 

If a quartic has double points A, B, C, and D is another (fixed) 


point on it, a system of conics, s=ts’, passes through these four 
points. But s=ts’ meets the quartic twice each at A, B, C and once 
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at D; hence it meets it at only one other point ; the coordinates 
of this other point can be found as rational functions of t by solving 
the equations of the conic and quartic. 

As an actual example, we may take 


arty? — a? — y?, 








which has asymptotes y= +1. 
Near the origin z?=y? and a second approximation is 


+y=2—- 42°. 
There are double points at infinity on the axes. If the point D is 


taken to tend to A along one branch of the curve, and s’ can be 
zy and (x+y)(z) ; thus we solve 


xy? (x*-y*) and xzy=t(x+y), 
which gives e:y:2=t+# :t-#:1-1#4, 


[These are actually found more simply by putting x=tan ¢, y=sin ¢.] 

The more general results which have been kept in the background 
are evidently outside the scope of elementary teaching. But I have 
tried to show that elementary examples can be chosen which give 
some insight into the later work. And parametric methods are often 
appropriate in elementary analytical geometry even when that 
subject is limited to conics as, I fear, it usually is. 


A. R. 











911. One day he turned to a young, new master, as they were going into 
school, and said: ‘‘ Can you turn this into Greek iambics ?—‘ To find four 
points such that the line joining any two of them is at right angles to the line 
joining the othertwo’”’. At the same time he sent off the problem for solution 
to a late member of the Sixth who had gone up to Cambridge with a scholar- 
ship. The young master was ready next morning with his reply ; the Cam- 
bridge scholar sent the solution by return of post—two people inspired at one 
blow. The solution was: the three points of an equilateral triangle, the fourth 
Koon being the centre of the triangle itself—James M. Wilson: an Avito- 

aphy (1932), p.172. [Per Mr. F. P. White. See also W. J. Greenstreet’s 
review of Sir T. L. Heath’s Euclid in Greek, Gazette, x. 349.] 
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LEWIS CARROLL—MATHEMATICIAN.* 
By D. B. Eprrson. 


As this is the last paper of our meeting, you may be expecting me 
to provide a bright and witty epilogue to conclude the proceedings, 
Further, since Lewis Carroll is recognised as a humorist, who did not 
hesitate to include pantomime humour in his mathematical essays, 
you may be expecting a kind of harlequinade. But, unfortunately, ] 
cannot fulfil these expectations: the title is Lewis Carroll—mathe- 
matician, and as he took himself very seriously as a mathematician 
it would be a poor tribute if I treated this aspect of his work in a 
light-hearted manner. 

During the past twelve months many tributes have been paid to 
Lewis Carroll. His literary genius, his imaginative powers, his love 
of children, his interest in logic, “ his penchant for jo puzzles, 
parodies and palaver ”,f all these inte} been the subject of news- 
paper and magazine articles, as well as of the more siabdticnes essays 
and books in praise of one who always avoided publicity, and 
was almost ashamed of being recognised as the author of Alice in 
Wonderland. But little has been heard of the Rev. C. L. Dodgson, 
mathematical lecturer of Christ Church, Oxford, the author of 
mathematical pamphlets and books, which he was not ashamed to 
publish without a pseudonym. 

A writer in the National Review at the time of his death, after 
eulogising the talents of Lewis Carroll, prophesied that “‘ future 

nerations will not waste a single thought upon the Rev. C. L. 

-'s 

This gloomy prophet was a false prophet : for to-day, if the corre- 
spondence columns of our leading newspapers can be relied upon as 
evidence of public interest, our chief aim is to pierce behind the veil 
of pseudonymity and discover the personality of the Rev. C. L. 
Dodgson. Some writers, troubled by the apparent differences 
between Lewis Carroll and Charles Dodgson have had recourse to a 
theory of dual preaneney i ; such fantastic explanations are due to 
the fact that their inventors, knowing little of the private life of 
Dodgson beyond the fact that he was a mathematician and a parson, 
immediately jump to the unwarrantable conclusion that he must 
have been dull and priggish. The problem of explaining how such a 
man could have been the creator ‘of “ Alice ” is really a non-existent 
one. 

One has only to read some of Dodgson’s logical and mathematical 
books, such as T'he Game of Logic and Euclid and his Modern Rivals, 
to perceive that the mind that created the Mock Turtle and the Mad 
Hatter is still at work. The truth is that Dodgson’s “ personality 
was a completely integrated one’, { and it is no exaggeration to say 


* A paper read at the Annual Meeting of the Mathematical Association, 6th 
January, 1933. 

+ Lewis Carroll, by W. de la Mare. 

t R. B. Braithwaite, Math. Gazette, No. 219. 
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that “no one but a mathematician could have written Alice in 
Wonderland”. * 

There is no doubt that Dodgson regarded himself primarily as a 
mathematician, and that he hoped that his mathematical books 
would prove to be of permanent value and interest. From his 
earliest years he had shown marked mathematical ability. When 
he was twelve years of age, the headmaster of Richmond School, 
Yorkshire, expressed his opinion that the boy possessed “‘ along with 
other and excellent natural endowments, a very uncommon share 
of genius”’. ‘‘ His reason”’, he reports, “is so clear and so jealous of 
error, that he will not rest satisfied without a most exact solution 
of whatever appears to him obscure. He has passed an excellent 
examination in mathematics, exhibiting at times an illustration of 
that love of precise argument which seems to him natural.” 

From Richmond he went on to Rugby, then under the aegis of 
Dr. Tait, who had recently succeeded Dr. Arnold. When Dodgson 
left that famous school, he wrote in his diary that he did not 
look back upon his time at a Public School with pleasure, and that 
“nothing on earth would induce him to go through his three years 
again ’’. He confesses, however, that the time had not altogether 
been wasted: “‘I made, I suppose, some progress in learning of 
various sorts, but none of it was done ‘ con amore’ ”’, 

When he came into residence at Christ Chureh his troubles appear 
to have ended. From January 1851 till the day of his death—a 
period of forty-seven years—he remained a resident member of 
the House. As an undergraduate he took Ist class Honours in 
Mathematical Moderations, a 2nd in Classical Moderations, a 3rd 
in “ Greats’’, and a Ist in Mathematical Finals, where his name 
appeared at the head of the list. 

After taking his degree, he first occupied the humble post of Sub- 
Librarian, but was soon appointed to a Mathematical Lectureship, 
which he retained for thirty-five years. Later he was elected a 
student of Christ Church and took Holy Orders in 1861. The rest of 
his life was spent in the calm and cloistered seclusion of Tom Quad : 
even when he unintentionally became world famous as “ Lewis 
Carroll’, Charles Dodgson remained in obscurity quietly continuing 
his work as lecturer and tutor, and entertaining his personal friends, 
some of them eminent Victorians—Tennyson, tti, Ellen Terry, 
Holman Hunt, and others, like Alice Liddell, children who were his 
constant companions and admirers. 

The first book published by Dodgson was in 1860, A Syllabus o 
Plane Algebraic Geometry. The title is self-explanatory : the boo 
is an attempt to arrange in logical sequence the processes of analy- 
tical geometry. Evidently he felt that the usual methods of teach- 
ing the subject lacked the logical cohesion of Euclid’s pure geometry, 
and his passion for strict accuracy, shown even whilst at school, led 
him to attempt to give definitions to the concepts of algebraic 
geometry and to outline the axioms on which the subject is based. 
In this same year a 6d. pamphlet appeared, entitled Notes on Euclid : 

* E. E. Kellett, in a review of Langford Reed’s Life of Lewis Carroll. 
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in this he even out-Euclids Euclid by defining the terms “‘ problem ” 
and “‘theorem ’’: “‘a problem is something to be done ”, whilst “a 
theorem is something to be believed, for which proof is given”. | 
think it is doubtful if there is really much to be gained by definitions 
of this sort, but it is interesting to note Dodgson’s love of logic, 
the study of which developed into one of his chief mental pursuits, 
The process of defining one’s terms can be continued ad «infinitum 
et ad nauseam. Why draw the line at defining “ problem ” and 
“theorem”? Why not also define “ definition ” ? 

Two more pamphlets appeared in the next year: Notes on 
Algebra, and Formulae of Plane Trigonometry. The first of these is 
elementary, but its very existence is a testimony to the author's 
scrupulous attention to the needs of his students who were be- 
ginners in algebra. The second book is far more original. It is 
printed with symbols instead of words to express the trigono- 
metrical ratios. To quote from the preface: ‘‘ Symbols are sub- 
stituted for the cumbrous expressions, sin, tan, cosec, etc., each 
requiring two strokes of the pen, one the same in each, (\.”’ The 
symbols are ingenious, but simple : 


sin /T\ cosec (Tt \ 


cos £\. sec “A 
tan 75 cot \J 


The only possible criticism is that ‘‘ cosec ” and “ sec” are too much 
alike, and a possible i, weet yee would be to invert the sine and 


cosine symbols \L/ 7 for the cosec and sec respectively. Dodgson 
apparently was doubtful whether this proposed reform would prove 
acceptable to the mathematical world and asked for opinions and 
suggestions. It is not recorded whether any favourable replies were 
received, but as the symbolism has not been generally adopted, we 
must conclude that the mathematicians of 1861 failed to see its 
advantages. Another proposed reform was the use of the word 
“ Goniometry ”’, which is sufficiently ugly to condemn its use at once. 
He defines ‘‘ Goniometry Proper ” as “ the measurement of angles 
by angular units’’, ““Goniometry by Ratios” as “the indication 
(not measurement) of angles by what are called the ‘ Goniometrical 
Ratios’ ”’, whilst ‘‘ Trigonometry ”’ is concerned with “ the properties 
of Rectilineal Figures”. Dodgson had a flair for inventing new 
words, two of which have passed into the English language, 
“‘galumphing”’ and “‘chortle’’, but “‘ goniometry ” has fortunately 

into oblivion together with the “ slythy toves ” and “‘ momie 
raths ” of Jabberwocky. 

An Elementary Treatise on Determinants (with applications to 
Simultaneous Linear Equations and Algebraic Geometry) appeared 
in 1867. It exhibits those same qualities of originality and Togical 
consistency as his former books. It is a treatise for the specialist : 
apart from this, the book’s sole claim to distinction is that it features 
in the apocryphal anecdote about Queen Victoria. After reading 
Alice in Wonderland, it is said that the Queen sent to the publishers 
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for any other books by Lewis Carroll and was surprised to receive 
this Treatise on Determinants. Doubtless she was not amused. 

Previous to the publication in 1879 of Euclid and his Modern 
Rivals, Dodgson had written several smaller works dealing with 
Euclid’s Books I to VI, including two books concerned with alter- 
native algebraic methods of proving the ratio theorems of Book V, 
and an edition of Books I and II, containing such small alterations 
and additions as he thought sufficient to render them satisfactory for 
modern use. Other mathematicians, however, were of the opinion 
that more radical changes were necessary : amongst them was to 
be found Canon J. M. Wilson, who also published a Geometry book 
covering the same ground. The following quotation from Canon 
Wilson’s Autobiography is interesting in this connection: “I 
drafted a syllabus of Geometry corresponding to the first two books 
of Euclid, and gave reasons in the preface, and then the war began. 
It became quite plain that we must have an “ Association of Mathe- 
matical Teachers ’’ or otherwise there would be confusion. This I set 
on foot : we first met at my house in Rugby. In 1871 we became 
the Mathematical Association ”’. 

In the fierce controversy that led to the founding of our Associa- 
tion, Dodgson emerged as the champion of Euclid, and proved him- 
self a formidable antagonist to the Modern-Rivals. His book, 
solemnly dedicated to the memory of Euclid, was the most widely 
read of all his mathematical publications, probably because of its 
inimitable style. In Dodgson’s own words, “It is presented in a 
dramatic form, partly because it seemed a better way of exhibiting 
in alternation the arguments on two sides of the question, partly that 
I might feel myself at liberty to treat it in a rather lighter style than 
would have suited an essay’. The Dramatis Personae include Minos, 
a perplexed examiner in Geometry, the Ghost of Euclid, and Herr 
Niemand, ‘‘ a German Professor who has read all books and is read 
to defend any thesis, true or untrue’: to him is committed the tas 
of arguing the case for the Modern Rivals—Legendre, Cooley, 
Wilson, and at least a dozen others. The “ Association for the Im- 
provement of Geometrical Teaching ” is parodied mercilessly. In 
Act IIT, the stage directions read : ‘‘ Enter a phantasmic procession 
grouped about a banner on which is emblazoned in letters of gold 
the title, ‘Association for the Improvement of Things in General’. 
Foremost in the line marches Nero, carrying his unfinished scheme 
for lighting and warming Rome, whilst amongst the crowd which 
follows him may be noticed Guy Fawkes, President of the Associa- 
tion for raising the position of Members of Parliament”. It is diffi- 
cult to summarise the contents of this bock : its main objects are 
(1) to defend Euclid against the faults alleged by the reformers, faults 
of style, artificiality, unsuggestiveness, want of simplicity, etc. ; 
(2) to show the lack of logical consistency in the modern Geometries ; 
(3) to demonstrate that Euclid’s Axioms and Definitions could not 
beimproved ; (4) to insist that the order and numbering of theorems 
in Euclid’s system should be preserved, alternative proofs and 
additional theorems being inserted where necessary. One of the 
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chief subjects discussed is the treatment of the Theory of Parallel 
and the substitution of Playfair’s axiom for Euclid’s Axiom 12, and 
other alternative axioms such as Wilson’s, based upon the concep. 
tion of “lines in the same direction”. In every case Professor 
Niemand, the defender of the Modernists, is worsted, usually through 

tting tied up in the logical knots skilfully prepared by Minos. 

ilson’s Elementary Geometry is shown to contain seven unaxiomatic 
axioms, six instances of Petitio Principti, and many other specimens 


of fallacious reasoning, and so its claim to be a model of logical pre. | 


cision intended to supersede Euclid is dismissed as “ simply mon- 
strous’’. 

Over fifty years have elapsed since Dodgson wrote this witty 
satire, but Euclid is no longer found in our schools, and the successors 
of the Modern Rivals seem to have triumphed. Was Dodgson’s 
book, therefore, a failure—inasmuch as he was defending one of the 
lost causes which have found their home in Oxford ? Such a verdict 
would be unjust. Emulating the judicious Dodo, it would be fairer 
to adjudicate that ‘“‘ Everybody has won, and all shall have prizes”, 
Dodgson certainly showed the superiority of Euclid’s Geometry as 
a logical treatise, whilst the Modern Rivals have succeeded in 
providing us with less formal and less formidable text-books which 
are better suited to the interests and abilities of the adolescent 
mind. 

On 13th October, 1881, Dodgson wrote in his diary: “I have 
just taken an important step in life, by sending to the Dean a pro 
posal to resign the Mathematical Lectureship at the end of this year, 
I shall now have my whole time at my own disposal and, if God gives 
me continued health and strength, may hope, before my powers fail, 
to do some worthy work in writing—partly in the cause of mathe. 
matical education, partly in the cause of innocent recreation for 
children, and partly I hope (though utterly unworthy of being 
allowed to take up such work) in the cause of religious thought ”’. 

These fair hopes were in vain; the two slim volumes entitled 
Curiosa Mathematica and an edition of Euclid, Books I and I 
(which went through seven editions), were his sole contributions to 
mathematical thought during the remainder of his busy life. Volume 
I of Curiosa Mathematica was sub-titled, A New Theory of Parallels, 
and is an ingenious attempt to avoid using Euclid’s 12th axiom @ 
Playfair’s axiom by using an entirely original axiom of his owt 
invention. The introduction to the first edition is interesting, asim 
it are discussed other matters besides parallel axioms. It records 
his controversial correspondence with two ‘Circle Squarers”, 
“The first of these two misguided visionaries”, says Dodgson, 
“ filled me with a great ambition to do a feat I had never heard @ 
as accomplished by man, namely to convince a circle squarer of his 
error! The value my friend selected for + was 3-2: the enormous 
error tempted me with the idea that it could be easily demonstrated 
to be an error. More than a score of letters were interchanged befor 
I became sadly convinced that I had no chance.”’ 

After discussing what appear to him to be the shortcomings 
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Buclid’s Axiom, he proceeds: “ And now to come to the end of this 
overlong Preface, am I not right ia thinking that on mere i 
of the diagram 


any sane intellect will be ready to grant that ‘in any circle, the 
inscribed hexagon is greater than any one of the segments that lie 
outside’’’ ? Using this axiom as his basis, and five other axioms about 
varying magnitudes, Dodgson is able to prove a succession of fifteen 
propositions, which lead to a proof that the three angles of every 
triangle are together equal to two right angles. From this he can 
easily prove the Euclidean Proposition that follows from his 12th 
axiom—that a pair of lines which are equally inclined to a certain 
transversal are so to any transversal. 

In the third edition of the book he deals with various objections 
which had been made to his axiom and methods of t, and 

. B also makes an important change in the axiom itself. The erg ant 
isreplaced by a square, and we are asked to take it as axiomatic 
“in any circle the inscribed tetragon is greater than any one of the 
segments which lie outside it’’. 

An appendix bears the startling title, ‘‘ Is Euclid’s Axiom True ?” 
His answer is, “‘ It is true for finite magnitudes, the sense in which, 
as I believe, Euclid meant it to be taken. It is not universally true”’. 
Euclid’s Axiom states that “‘ if two lines are unequally inclined to a 
transversal they will meet when produced indefinitely”. What 

ns, then, when the angle between the lines is an infinitesimal 
of the first order, or, worse still, of the second order? Do they 
meet ? If so, where ? 

m is in deep waters in discussing this, and naturally 
assumes that Euclid’s Geometry is the geometry of the space of the 
physical universe. He writes: ‘‘ Will the gentle reader be so kind 

ords § #3 to join me in contemplating the Infinite Space which surrounds 
our tiny planet. We believe it is Infinite. And that not because we 
ess to have grasped the idea of Infinity, but because the contrary 
thesis contradicts reason, and what contradicts reason we feel 
ourselves authorised to deny. Both conceptions—that Space has a 
iB limit, and that it has none—are beyond reason: but the former is. 
tlso against reason, for we may fairly say : ‘ When we have reached | 
the Limit, what then ? What do we come to?’ ”’ 

It would be unfair to blame Dodgson for not being acquainted 

nings @§ with the yet unborn theories of Einstein, and he can hardly ‘be 


a 
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aos for not visualising “a finite but unbounded universe”, 
at his logical mind would have made of these modern conceptesg 
space-time is difficult to imagine. Even the topsy-turvy work 
which Alice found through the Looking Glass is commonplace com. 
pared with a universe expanding like an inflated balloon of pro. 
digious dimensions. 

The second volume of Curiosa Mathematica bore the sub-title of 
“ Pillow Problems thought out during sleepless nights’’. In the 
second edition, “sleepless nights’? was changed to “ wakeful 
hours ”’ in order to allay the anxiety of his many friends who wrote 
to express their sympathy, believing that he was a sufferer from 
chronic insomnia. The introduction explains the origin and pu 
of the book: ‘“ Nearly all the 72 problems are veritable ‘ Pillow 
Problems’, having been solved in the head while lying awake at 
night”. ‘“‘My motive for publishing these problems with their 
mentally worked solutions is most certainly not a desire to display 
powers of mental calculation. I have no doubt that there are many 
mathematicians who could produce mentally much shorter and 


better solutions.’’ “‘ Mistakes may perchance await the penetrating j 


glance of some critical reader, to whom the joy of discovery and the 
intellectual superiority which he will thus discern . . . will I hope 
repay to some extent the time and trouble its perusal may have cost 
him ! ” 

The problems are of great variety: here are some typical ones, 
No. 2. In a given triangle, to place a line parallel to the base such 
that the portions of the sides intercepted between it and the base 
shall be together equal to the base. No. 14. Prove that three times 
the sum of three squares is also the sum of four squares. No. 5. A 
bag contains one counter, known to be either white or black. A 
white counter is = in, the bag shaken, and a counter taken out, 
which proves to be white. What is now the chance of drawing 
white counter ? 

Perhaps you would like to try to solve these one night when you 
are lying sleepless in bed. The author recommends such problems 
as a cure for troubled and distracted minds which will not rest but 
continue to worry about some vexatious matter of the previous day's 
happenings. 

ere is, however, one problem which calls for further notice, 
It is referred to in the preface as his “‘ one problem in Transcen 
dental Probabilities—a subject on which very little has yet been 
done by even the most enterprising of mathematical explorers. To 
the casual reader it may seem abnormal or even paradoxical, but 1 
would have such a reader ask himself candidly the question, ‘Is 
not life itself a paradox ’ ?”’ 

But for this serious tone, one would have ted the author of 
indulging in a little leg-pulling at the expense of his readers, since it 
is curious that so logical a mind as his could have overlooked the 
fallacy in his solution. Here are the problem and solution a 

gives them. 

“ A bag contains 2 counters as to which nothing is known except 
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that each is either white or black. Ascertain their colours without 
taking them out of the bag.’’ 

Dodgson’s answer is, ‘ One white, one black”. Now this is not 
rear as the author claims, but nonsensical, yet he arrives at 

is conclusion by the following argument : 

“ We know that if a bag contains 3 counters, 2 being black and 
one white, the chance of drawing a black one is 3, and that any other 
state of things would not give this chance. 

Now the chances that the given bag contains, (1) BB, (2) BW, 
(3) WW, are respectively }, 4, 4. 

Add a black counter. 

Then the chances that it contains (1) BBB, (2) BBW, (3) BWW, 
are as before, }, 4, }. 

Hence the chance of now drawing a black one 


=4.14+4.%+}.4=4. 


Hence the bag now contains BBW (since any other state of things 
® would not give this chance). 

Hence before the black counter was added, it contained BW, 
ie. one black and one white counter. Q.E.F.” 


As I expect you would prefer to enjoy that feeling of intellectual 
superiority by discovering the fallacy for yourself, I will refrain from 
pointing it out, but will content myself ‘with remarking that if one 
applies a similar argument to the case of a bag containing 3 unkndwn 
counters, black or white, one reaches the still more paradoxical con- 
clusion that there cannot be 3 counters in the bag! 

‘Apart from this lapse, the book shows that Dodgson possessed 
unusual ability in solving quite difficult problems mentally: for 
instance, he thought of a semi-regular dekahedron, composed of two 
squares in parallel planes joined by eight equilateral triangles, and 
calculated the volume of the solid thus obtained. The problems are 
not all so original as this, but the book is probably the only one of 
any real interest to mathematicians to-day. 

A note in Dodgson’s diary on 29th March, 1885, gives a list of the 
books he hoped to publish : it includes a paper on “ Infinities and 
Infinitesimals ’’, and ‘‘ Plain Facts for Circle Squarers”’, “‘ which is 
nearly completed and gives actual proof of limits 3-14158 and 
314160”. Perhaps it was never published, because Dodgson sadly 
realised that plain facts were things no circle squarers would have 

| the courage to face. 

To turn, in conclusion, from the books to the author himself. It 
would be idle to pretend that he was a great mathematical discoverer 
or genius. His life was spent in a busy round of tutorials and 
lectures at Christ Church, and judging by the pamphlets of simple 
formulae and notes on Euclid, it appears that he seldom had to do 
any advanced mathematical teaching. Nevertheless he found this 
élementary work absorbing both his time and his interests. His diary 
records from time to time discoveries of simple facts, many of them 
quite trivial. 
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31st October, 1890. “ This morning, thinking over the problem ¢ 
finding two squares whose sum is a square, I chanced on the theorem 
(which seems true, though I cannot rove it) that if z*+ y? is even, 
its half is the sum of two squares. A kindred theorem that 2(2? +) 
is always the sum of two squares also seems true but unproveable”, 

5th November. ‘I have now * proved the above two theorems, 
Another pretty deduction from the theory of square numbers is that 
any number whose square is the sum of two squares is itself the sum 
of two squares ”’ 

27th tember, 1897. ‘ Dies Notandus. Discovered rule fo 
dividing a number by 9, by mere addition and subtraction. I felt 
sure there must be an analogous one for 11, and found it, and proved 
my first rule by algebra after working about nine hours ”’. 

19th December (Sunday). ‘Sat up last night till 4 p.m. overa 
tempting problem sent me from New York : to find 3 equal rational 
sided rt.-angled triangles. I found two, whose sides are 20, 21, 29 
and 12, 35, 37, but could not find three’’. 

As a lecturer he was considered rather dull, and one may reason. 
ably suspect that this was partly due to his meticulous care in Peing 
hae ise and logical at all costs, not only when dealing with his belo 

uclid, but also in algebra and arithmetic. As a tutor ke was very 
painstaking, keeping a record of the progress made by each indi- 
vidual student, and providing them with printed sheets of formulae 
and notes, and systems for working out examples to ensure adequate 
practice in every type of question. 

Undoubtedly his greatest claim to be considered a genius was his 
ability to take pains. No one could have been more devoted to his 
work, and his conscientiousness and thoroughness, as well as his 
gifts of humour and his charm of manner, entitle him to a place 
amongst the Immortals. The world will always remember him as 
the author of Alice in Wonderland, yet we also may acclaim him a 
one of the illustrious English mathematicians of whom we are rightly 


proud. 


The President: I am sorry that Mr. E m did not refer t 
the statement about two and one being equal to three in the “ Hunt- 
ing of the Snark!” One other point pesscis to me, that is, that 
Dodgson did not seem to be aware that every integer is expressible 
as the sum of four squares. 

I am sure you will join with me in offering our thanks to Mr, 
Eperson for his very interesting paper. 






*2(a* +y") = (x —y)* + (x +y)*. 


t “ Assume z, y, z to have no common factor. 
If 2? +y? =2*, then y* = (z —2) (z +2). 


Then if y has a pair of factors u, », (where u >», and » may be unity), 
z+z2=,2', 
z-z=P', 


and . 2=$(u* +>*) =3[(u+r)*+ (u-v)*] 
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A NEW ATTEMPT TO PROVE THE PARALLEL 
POSTULATE. | 


By D. R. Warp, 8.J. 


PERIODICALLY until the end of time there will appear set 
works purporting to prove the parallel postulate, and it has fallen 
to the writer’s lot to read what is perhaps the most recent of these.* 
While the exact mathematical value oF ach attempts can always 
be gauged a priori, it is useful to put on record any new method 
followed, if only to warn future generations of parallel-postulate- 
provers against trying it. But such attempts are not without all 
value ; some readers may find it a poorer: | occupation to spend a 
little time in discovering the inherent fallacy ; alternatively, the 
task may be given to a student as a profitable and novel exercise 
in geometry. 
or these reasons, then, the following résumé of this most recent 
attempt is given here. And in order that the full interest of dis- 
covering the fallacy may not be denied to the reader or the luckless _ 
student to whom he delegates the task, it has been thought better 
to give only the proof as the author gives it, and not to point out 
where the fallacy lies. The writer has, however, allowed himself to 
make one or two comments on certain noteworthy points. 
Reduced to skeleton form, the proof proceeds by the following 


stages. 

(1) The author first gives a definition of a parallelogram, as 
follows: A parallelogram is a four-sided figure having its opposite 
sides and angles equal. 

The stickler for economy in definition will at once pounce on the 
inclusion of equal angles in this, for it is a necessary consequence 
the equal sides. And since it savours of begging the whole question 
at issue to give such a suggestive name as parallelogram to a 
which is not as yet known to have any parallel properties, it might 
have been more fitting to have given it a provisional name until 
the parallel properties had been proved. But these are minor points. 

(2) Parallel lines are next defined: Parallel lines are lines that, 
lying in the same plane, are equidistant at equidistant points. 

This is indeed a vague definition, and the reader will + that 
it is at this point that the author lays the foundation of his fallacious 
reasoning. 

After due consideration of the context, it was decided that this 
novel definition was intended to convey one or other of the two 
following ; it is not by any means clear which. 

(a) Parallel lines are coplanar lines such that the corresponding 
extremities of any two equal segments, one on each, are equidistant. 


*Euclid or Hinstein, a Proof of the Parallel Theory and a Critique of Metageometry, 
by J. J. Callahan, President of Duquesne University. (Pu by the Devin- 
Adair Company, New York; price $4.50.) As the title indicates, author is 
concerned with more than his attempt to prove the parallel postulate; with the 
test of his work, however, this article does not deal. 3 
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(6) Parallel lines are coplanar lines such that the corresponding 
extremities of two equal segments, one on each, are equidistant. 

The difference is slight but extremely important. The reader 
will easily verify that (a) is equivalent to the ordinary definitions 
of parallels, but that (6) is not. The assumption that the two 
are equivalent is tantamount to the assumption of the parallel 

te. 

(3) Next follows an existence theorem for parallelograms a» 
defined above ; the proof is by constructing a figure satisfying the 
bay osheges trp and runs as follows : 

ven a triangle, to construct a parallelogram. 





A B 





Fie. 1. 


Let ABC be any triangle, and let Z be the mid-point of AC. 

Join BE and produce it to F, making EF equal to BE. 

Join AF and CF. Then ABCF is the required parallel ; 

The proof is now obvious, for the triangles AFB and FEC ar 
congruent ; similarly BEC and AEF are congruent. It follows 


that the opposite sides of the quadrilateral are equal. The um 
necessary angle property included in the definition follows. 

It may be noted that this construction is not the simplest possible, 
and that the enunciation should be amplified. But there is a mor 
serious criticism. The existence theorem for “ parallelograms” 
should have followed immediately after the definition, for to the 
unlearned for whom the author writes the proof that “ paral 
lelograms ”’ exist may suggest that the existence of parallel line 
has been proved. This suggestion is stre ened by the facts 
that parallels have already been defined, and that there is a false 
implication in the word parallelogram. 

(4) The next stage brings us to the heart of the matter; it# 
contained in “ Proposition II ’’, enunciated thus : 

If a transversal falling on two straight lines makes the alternate 
interior angles equal, any equal segments of the two lines can be made 
the sides of a parallelogram about the transversal as di 

Before setting out the author’s proof of this theorem, it should 
be noted that its enunciation is faulty. The unconditioned “ any 
equal segments” is contradicted by the condition that the given 
transversal shall be a diagonal. It should therefore be emended to 
read “‘...any two equal segments, one on each, terminated at thew 

ite extremities by the given transversal, can be made the 
sides of a parallelogram’’. The clause about the diagonal is thea 
unnecessary. 
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The proof is as follows : 


AG 








Fre. 2. 


Let AB and CD be two straight lines, and HF the given trans 
versal, such that 2 AFE and 2 FED are equal. 

Let G be any point on AB, and H a point on CD, on the opposite 
side of the transversal to G, and such that HH and GF are equal. 
Join GE and FH. Then GFHE is the required parallelogram. 

The proof is once more obvious, for plainly the triangles GFZ 
and HFE are congruent, so that GE and FH are equal. 

(5) Having proved this proposition, the author goes on thus : 

“We have now in two propositions, each of them clear and 
apodictic, completely established the basic doctrine of the parallel 
theory, the reality of parallel lines. They are lines that are equi- 
distant at equidistant points. 

They are equidistant not only at the extremities of the sides of 
the parallelogram, a thing which was proved in the first proposition, 
but anywhere en either line. For we may take any point @ to 
establish the parallelism, and therefore it is proved for every point. 
There is only one condition required, and that is that the two lines 
be such that the angles formed with them by any transversal, and 
called the alternate-interior angles, be equal. This being given, we 
may take any other points on either line equidistant from the two 
points of intersection, and show that the pair of points in one line 
is equidistant from the corresponding points of the pair on the other 
line. In other words, the complete figure will form a parallelogram.” 

Now, whatever may be said to the contrary, up to the end of 
“ Proposition II ” parallel lines have not been mentioned since they 
were defined. Hence when the author states that he has proved 
the existence of parallel lines, he is not accurate ; we have to infer 
that what he has said implies in some way the existence theorem 
for parallel lines. Does his second proposition imply that the 
opposite sides of the “ parallelogram” are in fact parallel, in 
accordance with definition (a) of parallel lines? If it does not, 
there arises the subsidiary question, which is interesting enough, 
even though irrelevant: since he obviously imagines he has 
Ered the existence of parallel lines, where and how has he deceived 

imself ? 

It is almost im ible to refrain from sarcastic comment (and 
readers of the book will admit that the author goads one to it), but 
it is better to leave the whole thing exactly as it stands. One 
remark may, however, be permitted. It is surely unique, even in 
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the history of attempts to prove the parallel postulate, to relegate 
the proof of what would be, were it capable of proof, an enormo 
important theorem to a few lines of ordinary prose that is not too 
clearly expressed. Yet this is what the author has done. Surely 
the least that might have been expected was a formal enunciation, 
and a proof in the rigorous a which geometrical proofs 
demand. The procedure adopted certainly tempts one to draw 
uncharitable conclusions. 

The attempt contained in Euclid or Einstein will no doubt take 
its place amongst the other attempts which have appeared in the 
last two thousand years, and amongst those of the pee thy Samy 
and angle-trisectors ; indeed it may become historical, for the 
method used is certainly novel. But as a method it falls very far 
short of the historic efforts of such men as Saccheri and Wallis; 
these indeed thought they had proved their case, but their fallacy 
lay in an cam assumption ; it was not a fallacy of elementary 


logic. Duptzy R. Warp, 8.J., M.A. 


PROPOSED REPORT ON THE TEACHING OF 
GEOMETRY. 


TxE Boys’ Schools Teaching Committee having nearly finished their 
report on Algebra are beginning to turn their attention to Geometry, 
and pro in the autumn to consider to what extent the 1923 
report should be supplemented or amplified as regards actual 
teaching practice, in pre-certificate work. 

Constructive suggestions would be welcomed, between now and 
October, especially from any teachers who have made definite 
experiments on points left doubtful in the 1923 report. 

The following points are suggested as ones on which the Com- 
mittee would welcome information : 


Any experiments that have been made as to the use of the 
Similarity postulate to replace a postulate about parallels such 
as “ Playfair’s Axiom ’”’. 

Experiments on the informal teaching of similarity pari passu 
with congruence. 

ny pa as to the working in of questions on solid geometry 
with the course of plane geometry. 

Experience as to the passage from the deductive stage B to 
the systematizing stage C, and as to the extent of the latter 
in pre-certificate work. 

Correspondence on these or other points connected with the 
teaching of geometry should be addressed to : 

C. 0. Tuckzy, 
Chairman of Teaching Committee, 
CHARTERHOUSE, GODALMING, SURREY. 
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THE EQUATION Pdx+Qdy+Rdz=0 


THE METHODS OF INTEGRATION OF THE 
DIFFERENTIAL EQUATION 


Pdz+Qdy+Rdz=0. 
By F. UnpErRwoop. 


Ix this article an attempt has been made to indicate the ordinary 
methods of integration of the total differential equation 
Pdz+Qdy+Rdz=0. 
oQ OR. _ OR OP. 
i degra lta ae 
Then the condition for integrability of (1), i.e. the condition that 
(1) may possess a single integral equivalent of the form ¢(z, y, z)=c, is 
PEAQT AREA. ......crcccccrccccoscceess (2) 


For all equations considered here (2) is satisfied, and no wy 
is made to discuss Pfaff’s problem, when (2) is not satisfied. Of the 
seven methods given, the first five apply to all types of equations, but 
the last two only when P, Q, R are homogeneous functions of x, y, z. 
Probably the methods in most general use are those given in I, II 
and VI, but the others are interesting, and in some cases have 
distinct practical value as methods of integration. No attempt has 
been made to give the general theory of these methods, but full 
references are given showing where proofs and further examples 
may be found.* 


I. In many simple cases equation (1) is exact and may be inte- 
grated by inspection, though occasionally some rearrangement is 
required. 

Examples. 

(i) yz (2a +z) da + zx (z+ x) dy + xy (x+2z)dz=0, 
ie. (2ayz da +a*zdy+ x*y dz) + (yz*dx+ xz*dy + 2xyz dz)=0, 
giving a*yz+ xyz4=c, 
or xyz (x+z2)=Cc. 

(ii) (Ba%y + 2+ 1) da + (a> + 2yz) dy + (y?+2)dz=0, 
ie. (3a%ydx+a%dy) + (2yz dy + y*dz) + (zdx+axdz)+dx=0, 
giving wy +y'2+ze+e=e. 


* References are to pages in the undermentioned works, and are abbreviated as 
WS : 
Differential Equations, 4th ed. (1877). 
A. R. Forsyth, Treatise on Differential Equations, 6th ed. (1929). 
A. R. Forsyth, Theory of Differential Equations, Part I (1890). 
E. Goursat, Cours d’Analyse Mathématique, Vol. II, 4th ed. (1925). 
E. L. Ince, Ordinary Differential Equations (1927). 
H. T. H. Piaggio, T'reatise on Differential Equations, revised ed. (1928). 
E. B. Wilson, Advanced Calculus (1911). . 
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(iii) ye da — x (z+x)dy—ax (a+ y)dz=0. .......cereeeeee (5) 
This is not exact as it stands, but on division by — x* becomes 


dy +dz+ (2 tUE ve) _9, 





, yz _ 
1.€. Yt2z+ he 


or Y2+ 2X + LY=Cz. 

References.—P. 138; F. 316; B. 291; W. 259(1). 

II. Treat one variable as a constant and integrate the resulti 
equation in two variables. Thus, putting z=a, the first integral is al 


the form 
(x, y, a)=b. 
> (x, y; 2) =f(z), 


ie Oh of 
sp det dy y+(= din0: 


If condition (2) is satisfied, the function f(z) and always be found 
b ming that (7) and (1) are identical, and by using (6) to 
eliminate x and y. 


Now assume that 


so that 


Examples. 
(i) Qayz dx + z(x* + 3y?) dy — 2y (x* + y*)dz=0 
Putting z=a, we get xy+y=b. 
Hence (6) and (7) become respectively 
ay +y*=f(2), 
and 2ay dx + (x? + 3y*) dy —f' (z)dz=0 
1 (z z 
— 2 ayia ay 
so that f(z)=cz*, and the integral of (8) is 
xy + y®=cz*. 
(ii) 2ayz(y +2) da + z(x*z+ 2y? + 3y2z) dy 
— y (22+ y*) (y+ 2z)dz=0. ...........000 (9) 
When y=a, we get 
2adx  (a+2z)dz 
z*+a* 2z(a+2) 
giving az + 2*=b (x? +a%). 
Hence the equations corresponding to (6) and (7) give respectively 
y2+ z= (2+ y*)f(y), 
and Qaf dx + {2yf + (a*+ y*) f’ —z} dy — (y+ 2z)dz=0, 
where f’ means df/dy. 





=0, 
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Using these equations with (9), we find f(y)=y/c, and the integral 
e* aty+y*=cz(y+2). 
References.—P. 138-139; F. 314-316; 572-573 ; B. 276-281, 291; 
I. 53-55; W. 255-257, 259 (2). 
III. Mayer’s method may be illustrated by means of the following 
example, y (2? — 2) dx+x(a*+z)dy+2ydz=0, 
which may be written 
eR ee, € (a? +z) dy : 
y 
Since the coefficients of Pi and dy are holomorphic for all finite 
values of x, y, z except r=y=0, we may put y— b=m/(z —a), so long 
asa and 6 are not zero, e.g. we may take y—- 1=m(z—-1), and (10) 
then gives an integral 
2{1+m(x2—-1)}=(m— 1)x*— maz* + cx. 
On substituting for m, this becomes 
xy + yz=cx. 
References.—G. Arts. 385, 441; P. 206-208; I. 56-57; W. 258- 
259. 





IV. The use of integrating factors. 


The function » (x, y, z) will be an integrating factor of equation () 
that is, (1) will become an exact equation when multiplied by », if 
du Zdy—-Ydz Xdz-Zdx Ydx-Xdy 
Sigel cacicps tosis sat 2 
where X, Y, Z are defined above. 
This method may be applied in two ways : 


(a) by the integration of the exact equation given after multipli- 
cation by p»; 

(6) if a second integrating factor », can be found from (11) such 
that p/p, is not necessarily constant, then ~=cp, is an 
integral of (1). 


The two methods of application may be illustrated by the following 
examples : 


(i) When applied to (10), the method gives for equation (11), 
dp — 2(x?+2)dy— 2y dz _ 2 dx 
mn y (a? — z) -— 
Hence »=2-* and (10) becomes 


(yde+ady)+(Zdy+¥%de-Yde)=0, 








ie. cy+ ¥=e, or x*y+yz=cx, as before. 
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(ii) The form of equation (11) deduced from (9) is 
_ dp _edy+2(y+2z)dz_2(x*+3y*) (y+2z)dz— 4ayz dz 
- z(y+z) a 2 (a*2+ 2y* + 3yz) 
_ day dx +2 (x? + 3y*)dy 
e y(z*+y") 
Hence two different integrating factors of (9) are 
pa(yet24)* and y= (ey+y)*. 
Either of these may be used to make (9) exact, and the integr, 
x*y+y'=c(yz+z*) follows immediately, but the same integral is 
also obtained by taking the square root after putting »=c*p,.* 
Reference.—Fr. 14-18. 


V. Bertrand’s method. 
If a(x, y, z)=a and f(z, y, z)=b are any two independent integrals 
of the equations dx dy dz 
aa 








then f(a, 8) can be found such that (1) can be written as 
Ada+Bdgp=0, 
: Bed 
where A i Bax 3B? 
and f(a, 8)=c is the integral of (1). 


Examples. 
(i) For equation (10), the subsidiary equations (12) become 
de_dy_ de 
O°” 2y° —2(x?+2)° 
A first integral is =a, and (using this) a second integral is 
y(z+a*)=), i.e. y(z+2*)=b. 
Hence, taking a=z, B=x*y + yz, the equation 
A du + B{2axy dx + (x*+z)dy+ydz}=0 
must be identical with (10) ; hence 
B=z=a; A=y(x*-—2z)-2z*y=-f8, 
and (10) is now written 
—Bda+adB=0, 
giving B=ca, or x*y+yz=cz, as before. 
(ii) For equation (9) the subsidiary equations (12) are 
dx “4 dy re dae 
2 (x? + 3y*) (y+2z) —4ay(y+2z) 4ayz° 
* See also the footnote to section VI. 
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Hence 2xy dx + (x*+3y*)dy=0, giving a=z*y+y’, 
and z dy+ (y+2z)dz=0, giving B=yz+ 2’. 
It is found immediately that the equation Ada+BdB=0 is 
identical with (9), if 
A: B=yz+2:- (x*y+y*)=B :—a, 
so that (9) becomes Bda-adB=0, 
giving a=cf, or x*y+y*®=c(yz+2"), as before. 


References.—F’. 331-332 ; Fr. 18-20; P. 145; I. 59-60; G. 595- 
597. 


VI. An integrating factor for homogeneous equations. 

When the functions P, Q, R are homogeneous in z, y, z an inte- 
grating factor of (1) is 

A= (Px+Qy+Rz)-, 
provided that (Px+Qy+ Rz) is not identically zero. It is obvious 
that this method is of great practical utility, for, save for the ex- 
ceptional case noted above, the integrating factor can be written 
down without any preliminary investigation, the equation is thereby 
rendered exact, and can then be integrated. 

Thus, for equation (9), 

A={yz(y+2)(z*+y*)}>, 
and the equation becomes 
2adx . {(yt+z)(z*+3y*)—y(a*+y*)}dy (y+2z)dz 
ay? y(y+z)(x*+y") z(y+z) 
22 dx + 2y dy dy dz _dy+dz_, 
z+y? I & ots. 
giving z*y+y>=c(yz+z"), as above.* 

In the exceptional case when 1/\ =0, this method may be replaced 
by one of the earlier methods, or by that givenin VII. Thus for the 
equation 

(y* + 2° ~ zx — xy)dax + (z*+ x* — xy — yz) dy 
+(x*+y"— yz—zx)dz=0, 
1/\=0, but method IV or VII gives the integral 
a+ y*+2=¢(2+y+2)*. 

The method discussed in this section applies to the more general 
equation in n variables, 

P,da,+ P,dx,+...+P,da,=0, 


* Though not usually desirable as a practical method of integration, after \ has 
been found, instead of proceeding to the final integration, this method may be used 
in conjunction with method IV. Thus, if u and u, have the values given in IV (ii), 
the above integral may be written in either of the forms 


B=CK OF A=. 





=0, 


or 
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“ste that this has a single integral equivalent, for an integrating 
actor is A= (Pyar, + Pett... + Pat.) 
provided that 1/A does not vanish identically. 

References.—P. 205-206 ; Fri. 35 (Ex. 7). 


VII. Another method for homogeneous equations. 
The substitution y= uz, z=vzx reduces (1) to the form 
(P+ Qu+ Rv) dx+2Q du+z2zRdv=0, 
or, if P+ Qu+Rv=0, to the form 
dz  Qdu+Rdv _— 
xc + P+QuiRo~” Pee eeseseresererereseees (16) 
If P, Q, R are homogeneous functions of x, y, z of degree n, after 
division by x**! all terms in (15), except dz/z, may be expressed 
functions of u and v only. Further, if P+ Qu+Rv0, (16) musth 
an exact equation provided that condition (2) is satisfied, whileif 
P+Qu+Rv=0, (15) reduces to Qdu+Rdv=0, which may alwa 
be integrated by means of a suitable integrating factor. It will 
noted that the latter case is that in which the method VI fails, soa 
convenient example is furnished by equation (14). In this cam 
equation (15) becomes, after division by z°, 
(v?+ 1—u—uv)du+ (1+ u*—uv—v)dv=0, 
te. {u?+ 07+ 1-—u(u+v+1)} dut {u?+v?+1-v(u+v+ 1} dv=0, 
‘du+dv udu+vdv 
ut+v+l ut+v7+1 
so that u?+ 02+ 1l=c(u+v+1)?, 
or xz*+y?+22=c(x+y+2z)*, as before. 
For an example of the ordinary type leading to (16), equation (9) 
may be used again, giving 
dx, o(v+2u?+ 3u*v) du—u(1 +u*)(u+2v)dv_ > 
x uv(u+v)(1+u?) ee 
da , {o(l+u*)+2ut(u+v)jdu (w+ 2v)dv_ > 
x u(u+v)(1+u*) v(u+v) 
dx 2udu du dv du+dv__ 
zei¢+8 « 0 w+v °’ 
giving xu(]+u?)=cu(u+v), 
or x*y+y=cz(y+z), as before. 
References.—B. 281-282 ; P. 144; W. 259 (3). 
Conclusion. It is rather difficult to compare and contrast thes 
seven methods with regard to either theoretical elegance or practical 


utility, but perhaps one may venture to note how they stand with 
respect to the following tests : 


 BRESBSSZSBESE FFE. 


or 





=0, 


: 
vel 
He 
cat 
sec 
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Ex 
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or 
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) How many integrations are required ? 
6) Is the method general (that is, available for all types of 
equations) or special (i.e. limited to certain equations only) ? 
The classification is then as follows : 


Method - : - ee Te eee ae ee 
Number of integrations - 1 2 1 2 eee. 1 
General or Special - - S. G@ G@ GQ | S. Sz 


As pointed out above, methods VI and VII can be applied to 
homogeneous equations only, but are probably the best for such 
equations, for method VI is infallible (except when Pz +Qy+Rz=0), 
and no manipulation or “‘ guessing ” of integrals is required, while 
method I can be used only for comparatively simple equations. Thus, 
on theoretical grounds, Mayer’s method (III), being general and 
requiring only one integration, should be p first, but it must be 
remarked that, for some equations, this single integration may prove 
more troublesome than the two or three integrations required by 
other methods. It is doubtful if in actual practice (apart from 
homogeneous equations) any other method is used so frequently as 


that given in II. F. UnpERWoop. 
University College, Nottingham. 








912. Mathematical books belonging to Jonathan Swift. The Cambridge Uni- 
versity Press has just (1932) published, in a limited edition, an account by 
Harold Williams of Dean Swift’s library, with a facsimile of the original sale 
catalogue. The mathematical books included are only three in number, the 
second edition (Cambridge, 1713) of Newton’s Principia, Joseph Moxon’s 
Tutor to Astronomy and Geography (4th edition, London, 1686) Mechanick 
Exercises (no date given, the Ist edition appeared 1677-83) by the same author. 
The last-mentioned book is included in a list of five works recorded in a manu- 
seript ‘‘ Catalogue of Books belonging to Dr. Swift taken about Octbr 6th 
1742”, now at Abbotsford, as being missing from the library. The entry in 
— (Williams, loc cit. p. 12) is “ Dr Corbet has Moxon’s i 

ercises’’; the Rev. Francis Corbet was one of Stella’s executors and a 
successor of Swift in the Deanery of St. Patrick’s, Dublin. 

A fourth book in the sale catalogue, “‘ 451 Beaumont’s mathematical Sleaing 
Tables, Dublin 1712’, can scarcely be included among mathematical works ; 
the full title, as given in the British Museum Catalogue, is ‘‘ Mathematical 
rr | Tables, or the great and only pps | of weaving linnen cloth ex- 
= . To which is added an abstract of all the statutes relating to the 
i manufacture. By Joseph Beaumont, merchant’. According to the 
Y.E.D. (s.v, Slaying, vbl. sb. 2), “‘ sleaing ’’ is ‘‘ the proportioning of the counts 
of warp to the different sets of slay, so as to preserve a uniformity of fibre in 
similar species of cloth”. [Per Mr. F. P White] 


918. On étouffe l’esprit des enfans sous un amas de connaissances inutiles ; 
mais de toutes les sciences la plus absurde, 4 mon avis, et celle qui est la plus 
—_ d’étouffer toute espéce de génie, c’est la géométrie. Vette science 

icule a pour objet des surfaces, des lignes et des points qui n’existent pas 


dans la nature. On fait passer en esprit cent mille lignes courbes entre un 
ercle et une ligne droite qui le touche, quoique dans la réalité on n’y puisse 

oe un fétu. La géométrie, en vérité, n’est qu’une mauvaise plaisanterie.— 
dltaire, Jeannot et Colin. [Per Mr. J. B. Bretherton.] : 
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THE ACCURACY OF FIGURES. FURTHER REMARKS 
By H. Berry. 


ConsIDERING the pertinent remarks on “ Approximations” in Th 
Teaching of Arithmetic in Schools, the steady change of treatment of 
the subject in text-books and the recent article by Mr, Inman in thy 
Gazette, it seems that considerable independent investigation of t] 
matter has been going on. Also few people will disagree with Mr, 
Inman when he says that the teaching of the subject leaves room for 
improvement. That here is matter worth spending time on in the 
classroom is clear—but the same may be said of many more top 
than we can ever have time to deal with. It is in the belief that the 
subject of the accuracy of fi , OF approximations, is one we 
really ought not to omit that I venture further remarks. 

The discussion is about the necessity of crossing out figures at the 
end of some calculations and the possibility of crossing out figures 
at the i remy: of others. The object of the discussion is to find, if 
possible, rules for each of the two cases, accurate enough and 
simple enough for class use. For the operations of multiplication 
and division, rules have recently been printed in the Gazette which 
are certainly simple enough and which as regards sufficient acc 
are so far unchallenged. I should like to comment further on them. 

To establish the rules before a class, multiplications and divisions, 
in which one puts a ring round any doubtful figure and considers the 
possible error in each, are most convincing in themselves. Maximum 
and minimum possible products (or quotients) complete the intro- 
duction ; it only remains to apply the rules when occasion arises. 

It is, however, interesting to study the weakness of the rule which 
says “‘ give as many figures in the answer as in the least accurate of 
the data ”’ by using the identity : 

(c+)(y+o =ayte(zty) +e. 
x and y are to be two numbers each with possible error «. It will be 
sufficient to take x and y as integers correct to the nearest unit, 
i.e.c<= +}. We may neglect < and study +4(x+y) in relation to ay. 

Now consider x==120, y==90, 
4.€. zy=10,000, and z+y=200; 
hence e(z+y)= +100. 

Having decided to work with integers we must retain zeros to 
indicate the number of significant figures considered. This example 
considers the case of a small 3-figure number multiplying a 
2-figure number. The maximum possible error is about +1 in 
3rd figure of the answer and thus a 3-figure answer would extract 
more information from the figures available than the 2-fi 
suggested by the rule. Had the product, through x being a little 
scotia say, been just less than 10,000, i.e. beginning with a 9, then 


a 2-figure answer would be satisfactory, having a ible error of 
about 1 in its 2nd figure. Of course there is little difference between 
a relative error of 1 in 102, for example, and 1 in 98. _It is in reading 


SESEBS ABS Bees 


~ 
= 


Breese seeot RBA Se ess 
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off the 3-figure number to 2 figures that accuracy may be lost. In 
all cases where the product begins with a small figure the rule is 
liable to be weak through not giving enough figures. As different 
examples are investigated it becomes more and more apparent that 
“bad” (n+1)-figure accuracy may be better than “ correct to 
1 ” accuracy, and that, in deciding to how many figures an 
answer should be given, it is often the possible absolute error and 

icular ro pa of the original product which matter rather than 

considerations of relative error. 

If zeros are added to x to consider the cases of greater difference in 
the number of significant figures in the numbers to be multiplied, 
the relative error is controlled by that of y and settles down to about 
lin 200, for which a 4-figure answer may occasionally be preferable 
toany other. A 3-figure answer will usually be best. If x is reduced 
to make the product begin with 9 never more than 3 figures should 
be given and the 2 figures of the rule will usually be adequate. 

e example of x, y taken as 120, 90 typifies the cases where the 
rule will be seen at its worst. This is because the product begins with 
land the smaller of the numbers multiplied begins with 9, thus 
having the minimum relative error if it is not to have more significant 
figures. Cases of which 32, 32 is a type should often have an extra 

in the answer. For this example xy=~1000, «(z+ y)== +30. 

e first example is more extreme. 

The rule never fails by giving completely useless figures (if «= +4). 
An example of type 90, 10 is an extreme test of this. Its failure in 
giving too few figures is more serious if we remember that all the time 
we have discussed maximum errors where such errors as exist may be 
compensating. On the other hand we have taken «= +} although we 
may want to use the rule as a guide when « ismuch greater. For most 
carefully drawn, simple compass constructions, from which measure- 
ments to 2 decimal places are taken, we may perhaps consider «= +1. 
With a poker-pointed pencil, chewed ruler and waggly com 
«may be much larger. For drawings of any difficulty, especially if a 
protractor is used, « must be greater than 1. As|«| increases from } 
the rule begins to have weaknesses in sometimes giving too many 

es, but less often does it give too few. It seems reasonable to 

opt it as a rule to be borne in mind in all work with 7, surds, 
logarithms and practical measurements. The companion rule “ work 
with cae more ou than is required in the answer ” follows and is 
remarkably reliable. 

The cases of division in general and multiplication of more than 
two numbers may be discussed from separate identities but more or 
less follow from the single multiplication already discussed. Addi- 
tion is of course a separate matter. 

May I add that Schneider Cup and altitude judges and all who 
time speed-boats and cars are aware of the limitations of . 
The journalists, after their now notorious error of 11th March, 1929, 
in giving Seagrave’s time as 15-56 secs. and average speed as 
231-36246 mls./hr., are usually content with a 4-figure result. We 
must be as precise as possible in the schools. H. Berry. 

H 
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ON STIRLING’S THEOREM AS A DEFINITION OF THE 
GAMMA FUNCTION. 


By Rev. M. F. Eaan. 


In the following note, Stirling’s formula for a factorial is first found 
by a very simple process. The expression so obtained has a mean. 
ing for non-integral as well as integral values of the variable. The 
function it defines is easily seen (§§3 ff.) to possess the funds. 
mental properties of the Gamma function, and provides an easy 
and natural avenue of approach to its study. 


A First Approximation to log (n — 1)! 
1. Since log z increases with x, we have 


Peel 
log x <| log dé < log (x + 1). 
x 
Putting z=1, 2, ... n—1 successively and adding, we get 
log (n — 1)! <|" log ¢ dg < log n! 
1 


The difference of the extreme members is log n, and the value of 
the integral is n logn-—n+1; we therefore get, (9 being a positive 
number » ona than unity), 

(1)... log (n — 1)! =(n —- 6) logn-—n+1. 

This approximation is often useful in problems dealing with large 
numbers. 


Stirling’s Formula for log (n —1)! 
2. The integral +1 
A(e)= |" log € df, 

x 
figuring in the preceding paragraph, is the area of the curve y =logz 
between the ordinates at x and x+1. We obtained the limits log: 
and log(x+1) for this area by replacing the arc successively by 
parallels to the x-axis through the extremities of the arc. We ry 
a closer approximation by replacing the arc by the chord. 
area of the trapezium so obtained is 4 logz +4 log (x+1), and itis 
clearly less than A(x), since the curve is concave downwards. We 
can write 


(2)... A(x) =} logx +4 log (x+1)+A(z), 
where A(z), the area between the chord and the arc, is positive. 
Putting x=1, 2, ... and summing as before, we get 


n-1 
nlogn—n+1=log(n —1)!+}logn+ >) A(z). 
a=i 


In order to make any use of this formula, we want to estimate 
the value of its last term, at least approximately. To do so, we 
shall prove that the series 


(2.1)... (x) =A(x) + A(x +1) + A(x +2) +... 
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js convergent, positive, and less than 1/127, Assuming this for the 
moment, it follows that 


na-1 

> Ae) = 4(1) - o(n), 

and we get the result en 
(2.2)... log (n —1)! =(n — 4) logn —-n +¢+9(n), 

where the constant 
(2.3)... c=1-¢(1) 

lies between 11/12 and 1, and ¢(n) is positive and less than 1/12n. 
We may note that from the equation (2) we get at once 


(2.4)... A(x) =(x +4) log2** So 


so that the function ¢(x) is (assuming its convergency) completely 
defined, as is also the constant c. 

It remains to prove that ¢(z) is convergent. If in the integral 
giving A(x), we replace £ successively by x+¢ and ++1-t, we 
may put A(x) equal to half the sum of the two equal integrals 
so obtained, i.e. . 


A(z) =3|, foe (~ +t) +log (x + 1 -#)} dt. 


To get A(x), we subtract 4} log x + } log (x +1); we therefore have 
_1f',. (e+(4+1-8) 
Ate) =3) 8 ae) 


(=) 


1 
a... “1g (1 !0=9 a 
This is positive and less than 
Aeesitaee seals ~ sy) 
Q)jou(u+1)  «=12a(@+1) 12\2 x+1/) 
Substituting x +1, «+2, ... for x and summing, it follows that 


$(z) =A(xz) + A(xzt+1)+..< ‘> 


which proves our proposition.* 


The Gamma Function. 
3. The function ¢(x) is defined for all positive values of z, and 
the constant c is definite. Following the analogy of (2.2), we define 
the function I’ (x) by 
(3)... log I’ (x) = (a — }) log x-x+c+ (2). 
*In the same way we get, by taking the next term in the logarithmic series, 
A(z) > 





1 1 
12z(z +1) 1202*(2+1)” 
and if we note that 
a8 — (@ +1) =3a-8 (a +: 1)-2§ +: 2-8 (2 +1)? > B/a? (xz + 1)%, 
1 1 
we find $(*) >To, - 30023" 
It is easy to get another term or two of the asymptotic series in this way, with 
the appropriate inequality. 
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Fundamental Properties. 
3.1 (a)... T(1)=1. 
(b)...20 (x) =T' (a +1). 
We verify this by taking logarithms and noting that 
$ (x) =A(x) +o(x +1). 
(c) When z+ 0, 
l(a +t)~2'T (2), 
or, more precisely, the function 
(3.1)... q(x, t) =log T' (x) +t log x — log T' (x + #) 
tends uniformly to zero when x-> w, t being bounded. For we find 


q(x, t)=$(x) —o(a +t) +t -(~ +t -}4) log (a +5) 


= (x) — p(x +t) +5 -5{(-8) -(§-q5)*~+} 


If |t|<.a, the expression in brackets is less than 
}(1+a)({1 —a/x)-. 
We have therefore 
(3.11) (a, t)=$ (2) -o(e+8) +62 
Past SAM 22  «(x-a)’ 
where |»|<(1+a)/4. We see that g(x, t)+0 even if t> +, 
provided that t =o(z}). 

3.2. For negative values of x we may for the present define [ 
by means of property (6) of the preceding paragraph. For red 
values of the variable, the three properties (a), (6), and (c) may! 
taken to define the function. The advantages of our method 
approach are that we have proved that a function exists haviy 
these properties, and that it satisfies Stirling’s formula ; also, s 
we shall see later, we can apply our first definition to the case of 
complex variable. We may note here that for real positive value 
of x, I(x) is always positive, since its logarithm is real. 


Other Properties of the Gamma Function. 
4. The product-formula, 
es n*(n —1)! 
(4)... P@-Lim ish. t+ac ly 


follows at once from the fundamental properties, since the expre 
sion on the right is equal to 


nT (n)T (t)/T (n +2), 

and n*T (n)/T (n +t)—>1. 
4.1. Again, the result that (for ¢ positive) 
(4.1)... I (¢) = Lim 2*B (z, t), 
where . 





1 c 
B(z, t) -| u*-1(1 — u)*-1du -|, (1 +v)-*-t*vt1 dv 
fr) 
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follows equally easily. First, suppose x an integer. Integration by 
parts shows that in this case 
B(x, t) =T @)P O/T @ +8), 

and the limit sought is the same as that just found. Next, suppose 
that x lies between the consecutive integers n and n +1. en x 
increases, x* increases and B(z, ¢) diminishes ; hence the required 
limit will lie between the limits of 

nt*B(n+1,t) and (n+1)*B(n, t) 
when » tends to infinity. But both these limits are equal to I (t). 

It is useful to note that if a and 6b are bounded when 2->»o, 
() is the limit of (x +a)*B(x +6, t), provided that 6 is real; for 
(x +a)*/(z +6)*—1. 

4.2. To prove that, for ali positive values of x and t, 

(4.2)... B(x, t) =I (a) ()/T (@ +2). 

Let R(x, t) denote the ratio of the two expressions. When z+, 
oB(x,t)>I'(t) and 2‘I'(x)/['(z+t) tends to unity, hence R(z, t) 
tends to unity. 

Again, it is easily verified that 

R(x, t) =R(x +1, t) =... =R(x +7, t) 
= Lim R(a +n, t)=1, 
no 


which proves the proposition. 
The Gamma-Integral. 

43. Since 4B (@ +1, 2) -( -2\"ot-Adv, 

0 
we conjecture that its limit I'(¢) is equal to 
G(t)= 3 e~*vt-1 dy. 
We can take G(¢) as the limit seh x infinite of 
G(x, t)= [ferro dv = al e~¥ayt—1 dy, 
Now, since e-*>1 —u, ‘ . 
G (a, )>a'{'( —u)*ut!du =2*B (x +1, t). 
Again, since e-*<1/ (i+ u), 
G(x, th< “| +u)-*ut-l du 


< | (1 + u)-*u'*du =2'*B (a -t, t). 
When we make x->00, these two inequalities prove that 
G(t) =T (t). 
Properties of the function q(x, t). 
4.4, We find easily 
q(x, t) —q(x +1, t) =log (v7 +t) —(1 —#) logx —tlog (x +1). 





on the gre 

above the chord at the point of abscissa x +t. 

concave downwards, the expression is positive for values of | 
between 0 and 1, and negative for all other values. The sam 
holds for every term of the series 


> {q(u+r, t)-q(x+r+l1, t)} =q(z, 2), 
r=0 


and consequently for q(z, t). 
Since A(x) is the area between the chord and the arc, we have 


(2) =[ tale, )-g(e +1, o}at 


The series for g(x, t) converges uniformly, since its remainder-tem 
q(x+n,t) tends uniformly to zero with 1/n. We can therefor 
integrate it term by term, and we get 


(4.4)... [a t) dt = A(z +r) =4(2). 


Again, if we consider the arc and the chord (z,x+1) on th 
graph of log I' (x), q(z, t) is the height at 2 +¢ of the chord above the 
arc. The area between chord and arc is therefore ¢(z). 

4.5. If in (4.4) we substitute for q(z, t) its definition, we get a 
once Raabe’s integral R(x). Alternatively, we may follow th 
classic procedure and write 


d (ati 
R@)=7)" log T' (é) dé =log ' (x +1) —log I (x) =log z, 
R (x) =a loglz —2 +k. 


On the other hand, 


1 
R(z) - | 10g T' (a +t) dt -| flog T' (a) +¢ log 2 — q(x, t)} dt. 
t) ft) 
Integrating and comparing the two results, we find 


k-c=¢(z) -[a@, t) dt. 


Since the left-hand member is constant and the right-hani 
member tends to zero with 1/z, both must be zero. Thus we get the 
equation (4.4) and also the value of k. 


Complex Variable. 

5. If x is complex, we make the logarithms in our definitio 
uniform by a cut along the negative half of the real axis. 

To show that the series (2.1), giving ¢(x), is convergent, we note 
first that the remainder after n terms is ¢(z+m). We may there 
fore suppose without loss of generality that the real part of zis 
positive and that | z| is greater, say, than unity. 

We start from the identity (2.5) and note that if |a|<1, 

| log (1 +a) |< |a|/(1-|a]); 
if | a|<}, this is less than $ | a}. 
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Now ¢ —¢? lies between 0 and }, and | #(z+1)|>1; hence 
. 1 
| A(z) |<$|z(@@+1)| { ¢-0) d= eer) 
Again, if « =£ +% (both and » being positive), and r is any positive 
number, it is easy to see that 
|utrlan+é+r)/J2; 
since in a right-angled triangle the sum of the two sides containing 


the right angle does not exceed ./2 times the hypotenuse.* It 
follows that 





2 1 1 \ 
@+I<5(z5, +r &+7 ree 


whence f 

(5)... | p(x) |<2/9(€ +»). 

5.1. To deal with the case where the real part of x is negative, 
we consider the function V (x) =¢(z) +¢(-—-72). 
Since A(-x-1)=A(z), 


, +o 
we find easily V(x) = Ss A(z+r). 


rf=-@ 


We can evidently substitute z,=2 +n for x, and choose the integer 
nso that the real part of x, lies between 0 and 1. We have then 


V (x) = V (x,) =$(x,) + $(1 —2,) +A( -2), 
and each of the three terms on the right tends to zero with 1/n. 


5.11. It is easy to get an exact expression for V(x), by using 
equation (3) and the identities 


log T' (x) + log I'( - x) = — log x + log (x cosec rz), 


c=} log (2z). 
We thus get 


V (a) = —log (2 sin rx) — (x — $){log x — log ( —2)}. 
We may suppose that 2 lies above the real axis, 
(v=£+ty, E+, y+): 
ifnot, we can change the sign of x without altering V(x). We have 
bss log {a/(—2z)}= +i, and V (a) = —log(1 —e”**). 


The modulus of V(x) is therefore e~**", if we neglect its square 
and higher powers. 


* It follows that the condition | x(z+1)| >1 is satistied if §+>1. 
t If we use the lemmas 
| log(1 +a) -a]<§la/? for |a|<t 
b-*(6 + 1)-*< 4 {b-* -(6+1)-*} for b positive, 
We got easily enough 
| p() —1/122|<yhe(E +7). 
te~2<3 x 10-14 for n =5. 
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If z is below the real axis, we change its sign, as has been said; 
so that the general formula is 

(5.11)... (x) + (-—2) = —log (1 —e*™**), 
the sign being that of the imagi part of x.* 

On the real axis, ¢(z) has logarithmic infinities at zero and the 
negative integers; for the terms A(z+n-—1)+A(x+m) in its ox. 
pansion give -—log(z+m). Eacept for these points, $(x) is every. 
where finite ; it tends to zero with 1/x to the right of the y-axis, and 
with 1/n everywhere. 

The only modification needed in (3.11) when 2 and ¢ are complex 
is to write | x | for x in the last of the four terms on the right. Hence 
q(x, t) tends uniformly to zero when x tends to infinity in any 
direction, ¢ being bounded, provided that ¢(z) and ¢(x +t) both 
tend to zero. This requires that x at infinity should not approach 
within a finite distance of the negative half of the real axis. 


The Gamma-Integral for a complex argument. 
5.2. Using the notation of 4.3, we have 


G (a, t) -2#B(x +1, t)= atl fer —(1 —u)*}ut-1 du. 
e 


If z is real and positive and t=r+is, the factor in brackets in 
the integrand is real and positive, and the moduli of z* and u 
are 2” and u’-! respectively. Hence 


|G (a, t) -a*B(a+1, t)|< A —(1 -—u)*}ur—1 du 
0 


=G (x, r)-—2*B(x+1,r), 
and therefore tends to zero with 1/z. 

G(t) is therefore the limit of 2*B(z,t) when za. But the 
argument of 4.1, showing that this limit is ['(¢), still holds good if 
x is an integer. Hence I(t) is equal to G(t), and is therefore the 
limit of z*B(z,t) when x->o through any sequence of positive 
values. This last point is important for the next paragraph. 

5.3. To prove that 

B(x, t)=T (a) ()/T (x +2) 
when x and t are complex, their real parts being positive. 

We see, as in 4.2, that the ratio of the two expressions has the 
period 1, and to complete the proof we have only to show that 
(a +n)*B(a +n, t)+I'(t) when the positive integer n—> ; in other 
words, that = BE +in, )~(E + in)-"T Q~E-T 
when >. In the last paragraph we saw that this is true for 
n=0; we have therefore to show that 


f+) = 
B= (4B, t) - Be +in, )}=¢ a earl (1 +0)" do 
tends to zero with 1/f. Now 
|1-(1+0)~"| = +2 sin {}y log (1 +v)}<| | log (1+v)<| |», 
* Cf. the results given by Lindeléf, Calcul des Résidus (Paris, 1905), Ch. IV 





mES vEesSs BWasSsEae 


STIRLING’S THEOREM AND THE GAMMA FUNCTION 121 


and the moduli of the other factors are got by isan for the 
exponent ¢ its real part r. Hence 
| £\|<é|»| B(E-1,r+1)~é4| n | Tr +1) 50, 

and our proposition is proved. 

It follows also that I'(¢) is the limit of 2*B (x, t) when « tends to 
infinity in any direction to the right of the y-axis: for 

xB (x, t)=2'T (a)0 (t)/T (2 +t) 31 (). 

Addition-Theorem for q(x, t). 

6. The — is 


(6)... "Sale, t+4)m) - q (ma, mt) = md (x) — (mz). 


If we per the left-hand member by A(z, t), we get without 
difficulty 
A(x, t) =A (x, £+1/m) =... =Lim A(x, t +8), 
provided that s is a multiple of 1/m. vitae 
Again, we find 
q(u, v+c) —q(v, utc) 
=(u+v+c—}4) log (u/v) -u+v+¢(u) —$(v), 
and, by means of this, 
d(x, t) —(t, a) =m¢ (x) — ¢ (mz) — mg (t) + (mnt). 
If we make ¢t >, this gives 
Lim (x, t) =m$ (2) - $ (ma), 
and the comparison of the two limits proves our theorem. 
6.1. If we write 1,¢-—1 for 2, ¢, and note that 
q(l, t-1)= — log P(t), o(lj=1- 
q(m, mt —m) — 4(m) =(mt — }) logm —m +c —log T (mt), 
we get Gauss’ multiplication-theorem for I (¢). M. F. Eaan. 











914. The mathematician’s best work is art, a high and perfect art, as daring 
as the most secret dreams of imagination, clear and limpid. Mathematical 
genius and artistic genius touch each other.—G. Mittag-Leffler; quoted by 
Havelock Ellis, The Dance of Life, p. 128. 

Does it not seem as if Algebra had attained to the dignity of a fine art, 
in which the workman has a ake hand to develop his conceptions, as in a 
musical theme or a subject for painting? It has reached a point in age 
every properly-developed algebraic composition, like a skilful landsca 
expected to suggest the notion of an infinite distance lying beyond the li 
of the canvas.—Sylvester in his Theory of Reciprocants ; quoted by Havelock 
Ellis, The Dance of Life, p. 128. [Per Mr. E. G. Hogg.] 

915. Quant 4 son esprit, c’est un des lus cultivés que nous ayons ; il sait 
beaucoup de choses, il en a inventé quelqu’unes ; il n’avait pas encore deux 
cent cinquante ans, et il étudiait selon la coutume au co des jésuites de 
sa planéte, lorsqu’il devina, par la force de son esprit, plus de cinquante pro- 
positions d’Euclide. C’est dix-huit de plus que laise Pascal, lequel, aprés 
en avoir deviné trente-deux en se jouant, 4 ce que dit sa scour, devint 
un géométre assez médiocre, et un fort mauvais métaphysicien.—Voltaire, 
Micromégas, ch. i. [Per Mr. J. B. Bretherton.] 
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MATHEMATICAL NOTES. 


1068. Timber lengths. 

I understand that the following method is used in practice to find 
the total number of linear feet of any size timber in a cargo. Itis, 
perhaps, best expleined by an example. A tally. book or sheet is 
used with the natural digits in the left-hand column in increasing 
order to represent lengths. The quantity of each length is then 


entered thus: 10 feet - . - 6 lengths 
1l feet - - - 12 lengths 
12 feet - - - 8 lengths 
13 feet - - - 11 lengths 
14 feet - - - 3 lengths 
Starting with the number of the longest length, make this series 
with the numbers in the second column : 
3 
14 (3+11) 
22 (3+11+8) 
34 (3+11+8+12) 
39 (3+11+8+12+5) 
_ Now multiply this last term by the highest missing length below 
(in this case 9) : 351 (39 x9) 
Number of feet - 463 
If all of a certain length are absent, include zero in the series : 
10 feet - - 65 lengths 
11 feet - 0 
12 feet - 8 lengths 
13 feet - 0 
14 feet - - 3 lengths ; 
then the total number of feet is 3 


3 
ll 
ll 
16 

144 (16 x9) 
188 

J. T. Wri1aMs. 
1069. A difficult converse. 


In Note 1031 (Gazette, XVI, p. 200) three proofs were given of 
the theorem that a triangle is isosceles if the bisectors of two of its 
angles are equal. Since then many proofs of this result have been 
received ; a selection is given below. In each proof BE and CF 
are the bisectors of the angles ABC and ACB. Among Mr. 
Greenstreet’s papers there was a collection of proofs of the theorem, 
-— from this collection some references to authorship have been 

wn. 
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1, Sent by F. C. Boon, and referred by him to Chartres, Educa- 
tional Times Reprint, 74, p. 106. 


A 








Cc 
Fie. 1. 


let BE, CF be equal, intersecting in J. Construct K so that 
KB=AF, KE=AC, and let the bisector of . BKE meet BE in J, 
AlinX. Then KJ=AI. Since _BKE=2BAE, BKAE iscyciic, 
and so LAKE =cABE=}B. Thus .JKA=}(A+B)=cAIE, 
and AKJI is cyclic, and since KJ=AI, AK is parallel to JJ. 
Thus .AKE=cKEB, or 4B=4C, whence the result. 


2. Sent by F. C. Boon and E. W. Burn: the former refers to it 
as Greenstreet’s own proof. 


A 





/ 
: 





Fia. 2. 


_ If -IBC, ICB are not equal, let . BC be the greater. Then 
in the triangles BCH, BFC, 
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BC =BC, 
LEBC >cFCB, 
therefore gL NCEE LOI (i) 
Complete the parallelogram BFCG ; join EG. Then 
BG =CF=BE and cBGE=cBEG. ............. (ii) 


Now LICE < cIBF, .CIE=cBIF, and so in the triangle 
IEC, BIF, .IEC> .BFI> cBGC. Hence by (ii) the remainde 
LGEC > LEGC andso GC > EC, which contradicts (i). 

Mr. Boon adds the comment: “ Personally I prefer to put this 
and other like proofs in the form 


LABC=2ACB 
as .BFI(=c BIC -3B)=2CEI(=cBIC -}0), 
or as LBGC= LCEI, 
which, since BG =CF =BE, is according as 
LEGCS= LGEC, 
or EC=CG, which isas ECS BP. ...............008 (i 
But in the triangles BEC and BFC we have 
LEBC= FCB as EC=BF. 
That is, LABC= ACB as ECZBPF. 
These two results (i) and (ii) only agree if 2 ABC = 2 ACB.” 


3. A proof on somewhat similar lines is given by Descube, Jow. 
de Math. Elém., (1880), iv, p. 538, according to Mr. Greenstreet’s 
—— Varying forms of this proof have been sent by F. ¢. 
Boon, C. Fox, and C. O. Tuckey. 


A 


| BE =CF, 








B Cc 
Fia. 3. 


Complete the parallelogram BHGF; join EG, GC. The 
LFGC=cFCG, and if B>C, .FGE=cFBE>cFCE. Thw 
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LEGC < LECG and so EC<EHG@G or EC<FB. But as in 2, 
if B>C, EC> FB. 


4. Casey’s proof. 
Sent by F. C. Boon and J. Travers. 





Fia. 4. 


It will be sufficient to prove that if B<C, then BE>CF. 
Make 2 FCG =4B. 

Then 2BCG>B, and so BG>GC. Cut off BH equal to GC 
and make 2 BHK equal to 2 BGC. Then the triangles BHK, CGF 
are congruent and CF =BK < BE. 

H. G. Forder points out that this proof is independent of the 
parallel postulate: this is logically an advantage as the result is 


independent of the parallel postulate. 


5. A proof similar to Casey’s is sent by F. C. Boon and attributed 
by him to E. Martin Gover. 


A 





Cc 
Fig. 5. 


If B>C, make BHC congruent to BFC, having . BCH =B, 
4CBH=3C. Then BH lies in .EBC. Let the circle BFHC cut 
The AC in G. Then the order of the points G, Z, C is given by 


.GBH = .GCH =B-C=2. EBH. 
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L.BHE < .BHG=2BCG@, 
<«-B=7-cBCH, 
< 2BGH, since BCHG is cyclic, 
< .BEH. 
Thus BE < BH, and so BE < CF. 


1070. Morley’s triangle. (See Gazette, XI, pp. 85, 164, 171, 310) 

Let BXM, BZK be the trisectors of 4 ABC, and let CXL, CYK 
be the trisectors of «BCA: and let .ABC=38, 2 BCA =}, 
LCAB =3a. 


Make . KXZ and 2 KXY each equal to 4 Then since X is the 


incentre of BKC and therefore ~.ZKX =z YKX, it follows that 
KZXY is a kite and X YZ is an equilateral triangle. 

Let CX and BX produced meet the bisectors of .ZYX, 2. YZX 
in Zand M. Then YZLX and YZXWM are also kites. Join LZ and 
produce to some point P ; join MY and produce to some point Q. 








B Cc 


By the incentre property of the triangle BKC, .KXB =3 +y, and 
so LZXB=5+y, . BZX =5 +a. Thus 


LZXL=3+y-(a+B)=a+y, 
and since YZLX is a kite, .LZX =a+y, and 
LBZL=(5+a)-(a+y)=a+8, 2 PZB =« -(a+8). 
Also 2ZLX=r-2(a+y) and similarly .QMX =7-2(a+). 


T 


Thus .PZB= 3 


+ ; LQMX, and as Z is the incentre of the triangle 
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formed by AB, BM, MQ, therefore BA, LP and MQ are concurrent 
and £BAZ=ZZAY. Similarly CA, MQ and LP are concurrent 
and .ZAY=2YAC. Thatis, ZP and YQ are the trisectors of the 
angle BAC. 

Thus the points X, Y, Z where the trisectors meet are the angular 
points of an equilateral triangle. F. C. Boon. 


1071. A query concerning a property of Simson’s Line. 

“It is required to find a point P on the circumcircle of a triangle 
ABC, so that its Simson line with respect to ABC passes through an 
assigned point K. There are three such points P, Q, R, and the 
Simson lines of A, B, C with respect to POR are concurrent in K, 
which bisects the line joining the orthocentres of ABC and PQR”’. 

A correspondent asks who first published this result. 


1072. Successive approximations to */a. 
In Note 1066 a formula was given for successive approximations 
to Va in the form (formula (iii) of Note 1066), 
x, — e— Dart + (n+ 1) az, (i) 
T+1— (n+1)x,%+(n—Il)a © See eeeeeeeeeeseseeee 
This has an underlying significance which is demonstrated by the 
following considerations. If « is a root of f(z)=0, 2, an approxi- 
mation to «, and if, as in Newton’s rule, 
BALES f(x) 
~~ Ff’ (%)’ 
then taking, as in the previous note, d,=2, — a, d,=2,—4, ..., it can 
be shown that in general d, is of the order d,?, but if f”(a)=0, then 
d, is of the order ie. Now take the equation 





z"-* —-az*=—0, 


which is equivalent to z"=a. Choose r so that the second derivative 
of the left-hand side vanishes when z=a, that is, so that 


(n—7)(n—r—1)—r(r+1)=0. 
The required value of r is }(n—1). Applying Newton’s formula for 
approximating to the roots of (ii) and taking y= 4(n— 1), formula (i) 
will be obtained. G. W. Warp. 


1073. Euler’s Theorem. 


The usual proof of Euler’s Theorem on the relation between the 
number of faces, edges and vertices of a simple polyhedron is 
obtained either by building up or taking to pieces such a surface face 
byface. Of these two methods the latter is preferable, as it empha- 
sizes the fact that the condition is necessary, as the surface is 
already constructed, whereas it might be concluded from the former 
that the condition was sufficient to enable a polyhedron to be con- 
structed, which is not the case. 
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The following curious example illustrates this fact. 

Suppose we have a a heptagon, a regular hexagon, a regular 
= and four equilateral triangles, all the sides being of equal 
ength, and we wish to make a polyhedron from them, each soli 

le being a trihedral angle. 

The number of faces F=7; the number of edges 

E=}(7+6+5+4.3)=}4.30=15; 
the number of vertices V=}.30=10. 

Hence F+ V=17=E£+2, and Euler’s condition is fulfilled. 

But it is obviously impossible to construct such a surface, as ther 
are only 6 other faces to fit to the 7 sides of the heptagon. 

H. V. Mauisoy, 

1074. Note on approximations. 

This note provides an alternative to a section of Mr. Inman's 
article, “‘ What is Wrong with the Teaching of Approximations ?” 
(Gazette, XVI, December 1932, p. 306). 

In the case of products, say (A +h)(B +k), I suggest the followin 
straightforward method. 

Maximum limit AB+Ak+Bh+hk 

Minimum limit AB-— Ak—Bh+hk 

Difference 2Ak+2Bh 

If all the measurements were precisely accurate the true product 

wane be AB +hk + Ak + Bh. 


Now as h and k are fractional, hk is less than either / or k, so hk 
must be omitted, and we are left with AB +Ak+Bh. 
If h=k, the product is AB+h(A+B). 
In example (1), p. 309, A=2-68 and B=4-12, 
h=-005, and so h(A+ B)=-005 (6-8) = -034. 
As only two places of decimals are here allowable, the correct 
answer is 11-04 + -03 sq. in. 
Subtraction requires a little thought. Take for example 
41-34-05 
11-2 +-05 
30-1 +-1 
If the variations are taken of the same sign, the result will be 301, 


but if of contrary sign the result will be either 30 or 30-2. 
A. S. PERctval 
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REVIEWS. 


The Fourier Integral and certain of its applications. By Norsuat 
Wurm. Pp. xi, 201. 128. 6d. 1933. (Cambridge) 
The modern theory of Fourier’s integral formula 


1 o 1 ) 
fe)=Fez\" 9m an, gu) =F |”, Sale mede, 


starts with Plancherel’s theorem, that if | f(z) |* is integrable, then so is 
|g(z) |*, and both formulae hold in the “ mean-square” sense. This is an 
extremely elegant and satisfactory result, and it has received numerous _— 
cations in recent years. The most remarkable of these applications have 
undoubtedly been made by Professor Wiener. 

Two of the four chapters of this book are devoted to Tauberian theorems. 
A Tauberian theorem is a statement of conditions under which we can pass 
from a limit-relation such as 


lim (dg +442 +4_2* +...) =A 
a1 


toan apparently more restrictive relation such as 
lim (a) +4, +... +@y) =A. 
N->o 


This, at any rate, is the form in which the problem was considered by Little- 
wood, and his famous theorem is that the deduction is possible if xa, is 
bounded. The connection with Fourier integrals is, to say the least of it, not 
a nt. It was, however, proved by Wiener not merely that Littlewood’s 
rem could be proved by means of Fourier integrals, but that one could 
establish in the same way an extremely general theorem, from which a great 
variety of particular cases of the above type could be deduced. 
Another notable application is to the problem of prime numbers. The 
famous prime-number theorem is that, if x (x) is the number of primes less than 
or equal to z, then as z tends to infinity 


x 
T C~ i ae 
All known proofs of the theorem depend said on the theory of the Riemann 
wta-function ((s) = n~*, and partly on Tauberian arguments. It was shown 
Ki Wiener that the single fact that ((s) does not vanish on the line R (s) =1 is 
the (-theory that is needed in the proof, and that the usual apparatus of 
complex integration and order results at infinity can be avoided. 

The last chapter is on generalised harmonic analysis and almost periodic 
functions. This theory is due to H. Bohr, and concerns functions such as 
008 z +cos 2/2, which are not periodic, but “almost” so. Bohr’s funda- 
mental theorem is that any such tion can be represented in a certain sense 
by a generalised Fourier series. His original f was very long and difficult. 
Afterwards a simple proof was given by Wiener, by the Fourier integral 
method ; and here a still simpler version of the proof is given. 

To have brought theorems of this degree of importance and difficulty within 
the scope of a single method is a remarkable achievement. We are very 
grateful to Professor Wiener for the clear and concise account of his theories 
given in this book. He is an enthusiast who does not s himself, nor, it 
must be said, his readers. If you can prove Plancherel’s pn by means of 
Hermite polynomials, and have to learn the Hermite theory on the way, the 
author seems to say, so much the better ! 

. The book is founded on a course of lectures given at Cambridge, England, 
in 1932. In the preface the author says that in some five years “ it will be 
I 
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possible to treat the Fourier Integral in a thoroughgoing and coordinate way, 
but for the present we shall have to content ourselves with more fragme 


treatments ”’. Teintesbeiepedthes tenpetbeh paeeada eines nena ’ 


systematic treatise. The original literature on these subjects is already so vast 
that, without such treatises by acknowledged experts, the task of the young 
researcher will soon become almost impossible. E. C. Trrcnmanss, 


Conformal Representation. By C.Caratutopory. Pp. viii, 105. 6s. 6d 
1932. Cambridge Tracts, 28. (Cambridge University Press) 
The editors of the Cambridge Mathematical Tracts are to be congratulated 


on securing as the writer of this monograph an authority of such eminence a & 


Professor Carathéodory. It is long since the appreciation of a lemma asap 
ciated with his name was regarded as a sign of grace in students of the subj 


and now we have before us a complete exposition of the method which ha ® 
advanced largely on his initiative. The tract is a translation in a modified §; 


form of lectures delivered at various times and different places and contains 


the theory as it has developed in this direction during the last twenty year, # 


There is little trace of lectures in the discursive sense ; the subject is treated 
with scholarly terseness and precision, and in the later chapters most reade 
would indeed welcome some looser sentences to indicate the general direction 
of the argument. 


The first half of the tract is introductory, dealing with the Mébius trang 


formation in terms of non-Euclidean geometry, and with elementary conformal 
mapping—all strictly relevant to the work which follows. Then the keynote 


of the method is struck by the emphasis laid on the maximum-modulw 2 


theorem in the form of Schwarz’ lemma, the chapter on which opens up a field 
which has been little written up in English books but is well known on th 
Continent through the works of Bieberbach and Julia. The fundamental 
theorems follow with a commendably short chapter on the transformation 
the boundary and a note on closed surfaces. It is in these latter chapters that 


the conciseness of statement is felt; indeed it is difficult to see how a reader § 


who is not already acquainted with the doctrine of normal families of functions 
is to appreciate the delicacy of the argument. A historical account of theorems 


due to Lindeléf, Montel, Riesz, etc., would show how each step was naturally [ 


forced out of preceding steps and the artificiality of the edifice would disappear. 
Full references are given and a reader will do well to regard the tract as only 
& complete and comprehensive summary. 

At the centre of the subject is the theorem of Riemann that any simply- 


connected domain can be conformally mapped on a circle, a result which serves Be) 


not merely to indicate the possibilities of mapping but also to define af 
analytic function in geometric form by means of a given domain. The whok 
treatment depends on the method adopted in proving this theorem. The 


older method, introduced by Riemann himself, is intimately connected with | 


the theory of pete and the principle of Dirichlet, and resolves itself into 
a discussion of boundary a igere by means of Green’s function and integral 
od, 


equations. The later met which alone is dealt with in this tract, is shorte 


and more directly relevant ; the ideas are taken exclusively from the theory # 


of functions and the argument concentrates on proving that a function exis 
which will solve the problem, without elaborating upon the nature of the 
function. 

The translators have done their work with care. Their version of technical 
terms sometimes leaves us unsatisfied, as for example, ‘‘ magnification ” f@ 


Abnlichkeitstransformation, “‘ in detail” for im kleinen, “ simple ” for schlichh, 


which leads to the impossible phrase “ simple simply-connected domain 
on the other hand, “ pricked ” is almost an improvement on punktiert for d& 
scribing an area with a point missing, and the attempt throughout to res¢ 
terms from an over-literal translation deserves commendation. : 


4 
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linear Transformations in Hilbert Space and their applications te 
malysis. By M. H. Stone. Pp. viii, 622. $6.50. 1932. American Math. 
Colloquium Publications, 15. (American Mathematical Society) 


Special attention has of late years been directed to groups of elements with 

structure resembling in a greater or less degree the structure of Euclidean 

Such a group structure constitutes an abstract space. Of the abstract 

es which might be constructed, those possessing concrete realizations are 

idently logically possible and are the most apt to attract attention. Thus it 

from the intimate connection of integral equations with forms in an infinite 

ber of variables, perceived by Hilbert and expounded by him in the 

lige (1912), that there has arisen the theory of abstract space which 

s his name. This space may be crudely described as a complex vector 

» of infinite dimensions. Elements of the space may be added, subtracted 

multiplied by a complex number to yield other elements. There is, asso- 

iated with any pair of elements f, g, a complex number ( f, g), and the number 

| nt which is real and positive has many of the properties of a modulus. ‘The 

ber (f-9, f- gt defines the “ distance’ between two elements and 

Mistances satisfy the “ triangle inequality”. The convergence of a sequence 

ion # defined in the usual way and a convergent sequence of elements has a limit. 

yhereas in a vector space of m dimensions there is a linear relation between 

yn+1 vectors, it is a postulate of Hilbert space that, whatever the integer m, 

s are m linearly independent elements. If (f, g)=0, the elements f, g are 

d to be orthogonal: a set of elements of unit modulus and mutually ortho- 

is an orthonormal set. It is possible to determine an orthonormal set 
}such that every element of the space can be expanded in the form 


1=Sarby. 


the axes to which we refer Euclidean space this set is not unique. To 
lustrate these points, take as the elements of a Hilbert space those functions 
a variable z whose squares are integrable, in the sense of Lebesgue, over an 
(a, b). Addition and numerical multiplication are then defined in the 


6 —iee een? 
way, (f, 9) is equal to | {(z)g(x)dz, where g(x) is the conjugate imaginary 
Ja 
g(x), and the square of the distance between f, g is | |f-g|*da. The 
a 


perty that every convergent sequence has a limit becomes the Riesz- 
theorem on convergence in the mean; as an orthonormal set of 
nents we may take a set of functions normalized and orthogonal in (a, 6) 


The §nd the relation f = Sa is represented by the well-known expansion of a 
1 


ttion in terms of orthogonal functions. 
An operation 7' on an element f of Hilbert space may yield another element 
that space: we then speak of the transformation 7' and write Tf=f,: a 
ormation is linear if 7 (af+bg)=aTf+bTg. To pursue the Lebesgue 


ration further : if b 
fi(z)= \x(, t) f(t) dt 


&function of integrable square, the “‘ kernel’ K(x, ¢) defines a linear trans- 
mation in that particular space. Since transformations of this type are of 
importance in analysis, a study of their properties on the abstract side 

;@* value. The following special types of transformation may be noted: 
+ #) projections, which have properties us to those suggested by the 
=; (b) self-adjoint transformations, a sub-class of the symmetric trans- 
tions for which (7f, g)=(/, Tg); (c) unitary transformations, which 
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preserve distance, in illustration of which we may cite the Fourier 
to 
Th= (2) |, sin 2t7(t a. 


mation 


The integral equations 
Y(a)=["K(e, fe) dt, Yla)+9(a)=[-K ce, Hse a 


suggest the central problem of the work reviewed, namely the study in Hilbeg 
space of the equations Tf=Y, Th=Yf+g, F 
where 7' is a given transformation, g a given element, / a given number @ 
f the unknown. The former equation admits a solution for particular vale 
of l only: these constitute the point spectrum of 7. If / is not in the pam 
spectrum there is a transformation R such that, if 7’f=If+g, then Rg=f. Ta” 
behaviour of R depends upon the value of | and enables us to assign an, aim 
in the point spectrum, to one of three classes, the continuous spectrum, 
residual spectrum or the resolvent set of 7. A transformation is characterim 
by its trum. The trum of a self-adjoint transformation contains @ 
real values of /, that of @ unitary transformation only values of | for wii 
|4|=1. The conformal transformations which relate the unit circle to! 
upper half of the plane transform the one type of spectrum into the other i 
the demonstration that similar relations hold between self-adjoint and unital 
transformations is, though somewhat of a side-line, one of the most fascinatiy 
sections of the work which it is now my long postponed duty to review. _ 

Though the foundations are adequately treated, the book embodies the va 
recent researches of the author and others : it thus provides an account a 
present state of knowledge which could normally have been obtained 
@ perusal of periodical literature. ‘Such is doub’ the aim of the Colloquis 
publications. Topics akin to those so hastily alluded to above are discum 
in all the detail which 600 pages allow and are copiously illustrated by 
drawn from such widely diverse fields as continued fractions, Jacobi matr 
the boundary problems of differential equations, the Heaviside method 
the Carleman theory of integral equations. The Stieltjes integral and 
generalization, the Radon-Stieltjes integral, play an important part in 
analysis, and the discussions of these integrals incorporated in the text 
prove valuable to workers in other branches of ar scanty 

Where so much is provided criticism may appear carping, but the revi 
does feel that at times the author, in a conscientious and unnecessary 
not to appear easy, has deliberately chosen an unnatural notation which 
ceals rather than reveals the analogies he expounds. Surely the student 
abstract s may, more than the rest of us, claim the privilege of ¢ 
different things by the same name. It is thus that science progresses. I 
conclusion, it may be said that an introductory chapter, showing in their 5 pe 
setting the main results obtained, would have provided guidance in a subj 
whose main trend is so frequently concealed by the details of arguments 
added greatly to the value of the book. For a statement of the essential pw 
perties of Hilbert space would be welcomed by many and not least 
mathematical physicist. J. 


a 
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Knotentheorie. By K. Remezmeister. Pp. iv, 74. RM. 8.75. If 
Ergebnisse der Mathematik, Band I, Heft 1. (Springer, Berlin) » 
The editors of the Zentralblatt fiir Mathematik have decided to issue & 

of tracts whose object is similar to that of the French Mémorial series, 1 

to summarise the development of the various branches of mathematics d 
recent decades ; the earlier work has been described in the Encyklopddie. 
plan of the undertaking is elastic, some of the articles will be in text- 


ESEES <2. 


g.* 
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style, others mainly a summary of the literature ; the form decided on in each 
instance will depend on how much work has already been published in con- 
nected permanent form. This then is the first Heft of the first volume of the 

om é' 


As there is no connected account of the theory of knots in existence, this tract 
assumes no previous knowledge; it deals entirely with recent advances due 
mainly to Alexander and to Reidemeister himself. A census of knots of lower 
orders was undertaken last century by Tait and Kirkman. Tait was interested 
._& because of a suggestion that atoms might ultimately be vortex rings in a hydro- 

ical ether, the difference between atoms of different elements being due 
to the different knottedness of the vortices. The semi-empirical methods of 
investigation employed by the earlier authors do not, however, lead to theorems 
ota broad general nature, and the development of topology, which has been 
sich a prominent feature of mathematical investigation this century, has 
* a the way for a different attack. 

L main problem is to find some characteristic numbers or functions which 
will serve to classify knots, which will be the same for two knots of the same 
type, that is, for knots which can be transformed into one another without 
‘mtying, and will be different for two knots of different types. This problem 
as not been solved, but certain numbers and polynomials in one variable have 
been constructed which are the same for knots of the same type, but unfor- 
tunately not always different for knots of different types. These numbers and 
polynomials are connected with the group of the knot, which is the group of 
“i what remains of the space in which the knot is embedded when the knot is 
mgarded as a singular line. The problem of determining when two such 
goups are isomorphic seems to be as difficult as the knot-problem iteelf. 

The tract is packed with valuable material ; it gives the recent results and 
tiew results, concisely set out and with full proofs ; as a rule it is not difficult 
to follow, but the definitions of the knot-matrices, for example, are so exces- 
fiyely abstract that it is doubtful whether they would be intelligible to anyone 
who had not read the more intuitive treatment given in the papers to which 
teference is made. 

At the end of the tract diagrams of knots up to order nine inclusive are 
| wep from the paper by Alexander and Briggs, and in the text the tables 

polynomials and of torsion-numbers due to these authors are given with 
tions. H. G. F. 


Linguistic Analysis of Mathematics. By A. F. Benriey. Pp. xii, 316. 
$3.00. 1932. (The Principia Press, Bloomington, Indiana) 
Each ccengmening of rigour in mathematics necessitates a further refine- 


ment of notions, a deeper digging into the foundations of the subject. 

Modern criticism began when such concepts as “‘ continuous function ” and 
i teal number ” were carefully analysed. It advanced another step when the 
fundamental properties of the natural numbers were investigated, and it has 
tulminated in a careful consideration of fundamental logical notions such as 
“there is” or “ implies ”’. 

The present book is a plea for pushing this movement still further ; in all 
work on foundations where ordinary language is used, such words as “abstract”’ 
i Operation’, “ entity” occur, brought in from common . These 
words are not usually analysed with the care that is expended on mathe- 


guia matical terms proper to the subject. The author’s method is to examine the 


language that is used by a particular worker in a particular investigation or 
series of investigations, to find in what way his terms are used, and to seek an 
eperretetion which will make that use self-consistent. The problem is that 


clarifying language only, avoiding psychology and philosophy. 
A simple phrase, like “z is a vector”, is taken to mean that z (the 
mark on the paper) names or symbolises or for something not on the 
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paper, and then all the development of the theory should refer to the 
named, the marks on the paper being statements about these things. 
&@ good ea ae agg ae t ete will be found that we 
treat the sym simply as marks on paper (and not as signs signifying 
bey beef mag y with these symbols in accordance with certain tug 
laid down, the “‘ same symbol "”’ being recognised as the “‘ same ”’ in its di 
contexts. These two points of view lead to different technical develop 

for instance, in connection with the sign of equality ; for z =y, if the first 

is adopted, means that x, y are names for the same thing, while, on the 
view, the sign of equality is a mark on paper, and rules must be form 
before it can be used in the game. Furt ore, if the mark on paper is 
name of something, this may be something physical, or something in the 

of the author or of his reader, or perhaps something else ; whichever vi 
taken, the language used should be consistent with that view. 

The author advocates no particular theory, he only asks for ling 
consistency and clarity. As an example of this met he takes 
dory’s proof that 0 is a number (Vorlesungen iiber reelle Funktionen, pp. 4 
he maintains that Carathéodory shifts his ground and that his proof ¢ 
be read consistently whichever of the above points of view is adopted. 
admits that for the technical development fis analysis these objections 
unimportant, but maintains that they deprive the proof of all value # 
contribution to foundations. 

Although a page from the Principia is reproduced as a frontispiece, 
space is devoted to Whitehead and Russell’s methods than to those of & 
necker, Poincaré, Hilbert, Weyl and Brouwer. With Brouwer and 
Chwistik he has little sympathy, but an unfair criticism of the latter in 
earlier portion of the book is atoned for on a later page, and Chwistik’s 
is given due recognition. 

discussion in the book is novel and, though no definite conclusions 
reached, it should be seen by everyone interested in these things. H.@ 


| 
: 


Humanism and Science. By C. J. Knyser. Pp. xxii, 243. 15s. 
(Columbia University Press, New York: Humphrey Milford) 

Endless must be a thorough discussion about the essence of mathem# 
and its relations to Science and Life. There are so many angles from wh 
these fascinating questions may be attacked that there could be no ho 
arriving at universally acceptable conclusions about them. Yet, Mr. K Ie 
puts forth, with his usual enthusiasm 2nd clarity of thought and expre 
@ plea for a humanistic interpretation of mathematics, which may be le 
upon as a valuable contribution to the philosophy of the subject. 

Mr. Keyser ins by drawing a sharp distinction between Science’ 
Mathematics, neither of which should be considered as a branch or a di 
of the other, though both of them merge into “ knowledge’’. The ar 
of this distinction leads him to pro the following definitions of Science 
Mathematics, which have a good deal in their favour. “ Science is the 
prise having for its aim to establish Categorical propositions ; in other wa 
it is the enterprise having for its aim to answer questions relating to the 4 
World. Mathematics is the enterprise having ie its aim to establish Hf 
thetical propositions ; in other words, it is the enterprise having for its mn 
answer questions relating to the world of the Possible ’”’ (p. 69). Then he 
on to describe, in turn, the relations of these two “‘ enterprises ” to Human 
@ notion which derives “ its existence, its character and its power from™ 
living sense in men, that as humans bg Ae endowed with individual # 
personal autonomy ; the sense, that is, that they are potentially qualifies 
Judge, independently and for themselves, in all the t matters of hui 
concern, and that they may hope to achieve a ife on earth by the 
their human faculties” (p. x). We give in full this description of hum 
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tone ae implications of the final 
eonclusion of the author, who states, at the end of this penetrating discussion, 
that “ oe reed concern among the intellectual concerns of man is a con- 
cern of Mathematics ”’ (p. 222). 
To many philosophers, this staggering conclusion will seem one-sided and 
to criticism, not to mention that many others might take offence in 
this free granting of a superiority-complex to mathematicians. For after all, 
there are religious, serena aesthetical and practical values, in the intellectual 
plane, which hardly demand any mathematics at all for their treatment, 
ning or enjoyment. os mathematicians, however, Mr. Keyser’s 
ill appear refreshing and en ing. But it should not cause them 
ipicok down with contempt to those intellectual workers whose major con- 
cerns and achievements have not necessarily a mathematical flavour. In any 
case, the egy of science might provide a neutral ground for reconcilia- 
tion: that is, by allowing a Pythagorean interpretation of Mr. Keyser’s 
uncements. But Pythagoras cannot be claimed exclusively either by 
mathematicians, or by the philosophers, or by the religious reformers. 
He was a Man, . GREENWOOD. 


Wave Mechanics: Elementary Theory. By J. Frenxer. Pp. viii, 278. 
%s. 1932. (Oxford; at the Clarendon Press) 

Since the discovery of the New Quantum Mechanics in the years between 
1924 and 1926, at least twenty text-books, and probably more, have ps ae 
on the subject. Most of these books deal primarily with fundamental physical 
ideas ; they show a great diversity of treatment, so that a layman, glancing 
at, for instance, the well-known book by Dirac, and also at the book under 
review, would find it hard to believe that they dealt with one and the same 
physicaltheory. It is in fact often believed that “ matrix mechanics”’, ‘‘ wave 
mechanics ” and the mechanics of “‘ g-numbers’”’ are rival theories between 
which it is the duty of experiment to decide; whereas, in fact, they are 
merely different ways of stating the same theory, and all give exactly the same 
lak garter tc raed cy ne: ane ay pin os Ee BE A 
book such as that by Dirac, which inclines to the ‘“‘ g-number ”’ school, may be 


compared to a treatise on d ics which starts by assuming the principle of 
bast action, and deduces the behaviour of particles and rigid bodies from it ; 


tis hardly necessary to say that a theory such as Quantum Mechanics stands 
orfalls by its ability to predict results in agreement with experiment. Perhaps 
fairer idea of the present status of the theory can be obtained from recent 
books which deal with its application to restricted branches of physics, such as 
the book by Kronig on molecular spectra, or by Van Vleck on magnetic 
susceptibilities. In such books the methods of wave and matrix mechanics 
are both used freely, the method being chosen which will give a solution of the 
problem under discussion with the minimum of manipulation. 
The book under review is the first of three volumes, and aims at giving a 
survey of the whole subject, using only elementary mathematics. The 
volume will build up the theory in a complete and rigorous way, and 
will give a systematic account of the apstetions of the 

physical phenomena. In the absence of other 

to judge the first volume; it is, for instance, 

, there being no index. Probably, however, most of the i 
which a research worker might wish to refer will be in the 
volumes, and it is to be hoped that these will be provided with an 
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The distinctive feature of the book is the very full and illuminating dip 
cussion of each physical principle that is introduced. The discussion of thy 
dualism between waves and particles is extremely good, as readers of Professor 
Frenkel’s earlier (German) treatise would expect. There is an admirable and 
stimulating discussion of that much disputed hypothesis, the “ U: 
Principle” of Heisenberg. Also there are very good cha a 
phenomena, the Exclusion Principle of Pauli, and the of the 

i electron”. It is a book which can be thoroughly recommendedto 
anyone with some knowledge of as it was in 1920, and who wishests 
know something about the new which have been introduced since then, 
I would recommend it even more strongly to anyone who has acquired s 

working knowledge of the mathematics of the new theory ; a perusal of this book 
Se eee eee eae ae eee ae 
behind the mathematics. F. Mom, 







The Elements of Astronomy. By D. N. Mati. Second edition. Pp. 24 
14s. 1931. (Cambridge) 


On the first eighty pages of this work twenty-nine misprints have been 
comme On the same eighty pages there are at least seven statements which 
be described as mi questionable, ambiguous or erroneous. The 

po is poor and the matter certainly not so good as to atone for other de 
ficiencies. In view of the fact that this i is a second edition, the book oa 
any way be recommended.J R. 0. B 


Matriculation ometry. ByC.V.Dunget. Pp. viii, 151, with table 
and answers. Complete with answers, 3s. 6d.; without answers, 3s. Part! 
separately, 2s. 6d. and 2s. 1932. 


This book possesses the many admirable characteristics which distinguish 
text-books with which the author’s name is associated. It is well designed, 
the text is written, in general, in a style adapted to the ready comprehension 
of pupils of the particular age and stage for which it is in 
lntifl and wel: It divides into two parts. Part! 
uired for Northern Universities Joint Matriculation 
Mathematics ”’. together contain what 
is needed for the Oxford and Cambridge School Certificate (additional Mathes 
matics), for the London saee fae Matriculation (Mathematics more ad- 
vanced) and for pers of other examining Boards. The early 
chieun at Peck i aeaiee tae peer pA og Peat ili: ae 
metry ”’ as a short course for junior and middle forms of secondary ac. 

The scheme is that now commonly adopted: definitions of ae 
poet th tig i heme mente Ae three- as we 
dimensional), solu plane triangles by sine cosine formulae, half 

t, secant and cosecant, circular measure, 
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to anticipate the coordinate definitions, applied only to angles up to 180°. 
But what happens about the angles 0, 90°, 180°? We find on page 15 the 
: “ Fig. 20 shows that as the angle @ increases from 0 to 90°, the 
steadily from 0 to 1; but the value of cos @ decreases 
- (There has been no consideration of what happens at 

the of the range.) Then on page 78, ‘‘ Now cos @=1.” 

The fact is that until the coordinate method is used to define the ratios, 
eee sail 2 one SO" con ane ce ined.oh We. Sn ecnanel at Nee’ 
values. The right-angled triangle shuts up at 0 and 90°. But why should the 

be evaded ? There should be no ie or girl who has arrived at the 
metry stage nowadays who has not had it carefully explained what is 
meant by saying that the value of the fraction 1/z ‘‘ tends to « ”’ as z tends to 
@, and Mr. Durell uses this phrase in connection with tan 90° on page 94. 
There seems to be no good reason why he should not, round about page 30, 
have explained and illustrated that as z tends down to 0, sin z tends down to 0 
and cos x up to 1. Similarly for 90°, and later for 180°. Later, in connection 
with the general angle, we get the values for cos 0, etc., included in the new 
definitions (by coordinates). It is the opinion of the writer of this review, that 
the boy of average ability can appreciate something of the idea of limiting 
value when introduced in this connection, while to the of more than 
ability it is a necessary part of his training. Mr. Durell evidently does 
not believe that the idea of limiting value is comprehensible, even in this 
simple form, to the boys and girls for whom he writes. Otherwise he would not 
have left the vague statement on page 78, ‘‘ If 6° is a small angle, sin 6° = 0. 
We can test this approximation from the tables. If ‘ 


6=0-2, sin 0-2=sin 11°28’=0-199, 


that is nearly 0-2”. There will probably be many who will go on to the study 
of the Calculus without reading any book on Trigonometry more advanced 
than this. Every teacher of Calculus knows how difficult it is to rid pupils’ 
minds of vague ideas on approximations and to exorcise phrases like 
“the difference between them is infinitely small”.* The root difficulty of 
alfnheds sonarenybymetellen Bebe snr tine gs Bo fy ge 
a. S(e) : also —— — o the ratio f(z)/z does not neces- 
tend to 1. It is not possible at the elementary stage to give a rigorous 
mere reer om. Die eed 6 tends to 0 is 1, but the fact could 
been correctly stated and numerically illustrated. 

Somewhat unsatisfactory, too, is the treatment of inverse notation. The 
notation sin~! is introduced very early—on page 20. In connection with the 
general angle, no attempt is made to limit the definition. In fact, the idea 
explicitly given than sin—'z, etc., are multiple-valued. Thus the answer to 
the question “‘ what is tan=!(—4)?” is given as 153° 26’ and 333° 26’. On 
page 113 the formula 

-1 “lemtan-2 (22 
tan—'z + tan y =tan (; = ) 

is proved and passed over without the obvious comment, that although the 
three tan~! functions, as previously defined, have each two values between 
? and 360°, and two between 0 and — 360°, it is not a case of paying one’s 
money and taking one’s choice. After all, one of the chief ‘‘ values ” in Mathe- 
actin thy cy sper Seen serrata se, maken aig so It is 
¢ommonly agreed that in a course of any branch of Mathematics, the standard 
of rigour should be gradually raised. This should mean that in the early 
stages, assumptions may be made which will be further examined and under- 
Irn? s+ s later stage, ond that mathemetion! conepts aay. at evs Ye eed 

& limited field which will afterwards be extended. It should surely not be 


* This phrase is not used by the author of the book under review. 
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taken to mean that at any stage, and whatever the limitations, there should» 
haziness or inexactness of definition. 

rical part of the work is altogether admirable. The authors 

frequent use of the sign = is a healthy reminder that all results obtained by 
the use of tables are necessarily approximate. (Thus sin 60° = $3 = 0-866), 
There are many excellent things in this book to which attention cannot lk 
Se ee eee 
lack of a ha’porth of tar. It reflects the economy of the days in which we liv. 
Though excellently printed, a few of the pages have a confused, huddled, look, 
owing to the placing of two or three steps of a proof in the same horizontal ling 
and a few of the figures have been reduced in size below the size for comfortd 
eyesight. If the author could have allowed himself—or the exigences of pubii- 
cation in 1932 could have allowed him—a few more pages to spread out his 
work and for a more leisurely treatment of some of the theoretical part, th 
book would have been even better than it is. H. EP 






iganeee Algebra.I. By C. V. Durex. Pp. viii, 193, xxii. 4s. 19%. 
(Bell) 

We have for so long had to content ourselves in our work with VIth form 
with text-books on algebra that are several years out of date that the a 
ance of Mr. Durell’s book will be very widely welcomed. Mr. Durell’s Hl 
to discard outworn methods of presentation are by now well known, andit 
would be difficult to overestimate the service he has rendered to the teaching 
of mathematics. 

His latest book is an Algebra designed primarily for Higher Certificate 
candidates—it may be regarded either as a sequel to the same author’s New 
Algebra for Schools, or as the first part of an advanced course, the second part 
of which is to include all the material necessary for scholarship candidates, 

Passing from the purpose to the substance of the book, we are at one 
delighted with the freshness of presentation. In the first chapter the wonts 
“ permutation ” and ‘“‘ combination,” which are now fit for little more than 
burial with honour, are discarded (except in the heading of the chapter) in 
favour of the more expressive terms “‘ arrangement” and “ selection”. 
treatment of the Binomial Theorem for a positive integral index follows the 
traditional method, but the Calculus is used in the worked examples on 
perties of the coefficients. Finite Series (Chapter III) are somewhat ske 
treated, the only methods shown being that of expressing u, in the form 
Vp41 — Vy, and the method of mathematical induction. One page is devoted to 
@ particular type of recurring series (the arithmetico-geometric series). 

In the next eg ta (Limits and Convergence) we enter upon the contz 
versial stage, but here Mr. Durell has performed his task admirably. Th 
treatment is very elementary, as is suitable in a book intended only for Hig 
Certificate candidates, yet it gives a clear idea of the nature of a limit. 
discussion is confined to limits of a positive integral variable n as n-> 0 , being 
intended only as a prelude to the theory of convergence. A brief yet accurate 
explanation of convergence is given, embracing the comparison tests, d’ Alem- 
bert’s test and absolute convergence, in which connection, however, only the 
theorem that an absolutely convergent series is convergent is given, there 
no mention of the possibility of multiplying two absolutely convergent series. 

The traditional method of establishing the binomial and exponential series 
is discarded, and is replaced by a method depending on definite integration, 
being in effect ryan to a use of Taylor’s theorem. There are two advair 
tages of this m : 


(i) it dispenses with the necessity of using Vandermonde’s theorem, whith 
always presents t difficulties to i ; 
(ii) it can ieenics dies the exponential theorem has been dealt with, 
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the meaning of 2" explained, and the formula © 2" —nz"- established, 


for irrational values of n, to prove the binomial theorem for all real 

values of the index. But it does not appear that the author was 

greatly influenced by this consideration, for we find in fact no mention 

of irrational numbers tian ae the book (except that on p. 124 it is 
proved that e is not ratio 

The proofs given of the binomial and exponential theorems are open to the 

objection that they require the use of the theorem that if f(x) is positive and 


continuous in the interval (a, b), where b >a, then ‘ {(z)>0. The author is, 


however, careful to state that the truth of this theorem is assumed (p. 81). The 
chapter on the Binomial series also includes an elementary discussion of 
partial fractions and a section on homogeneous products. 


The exponential and logarithmic series are approached via (‘< —, which is 


defined as hyp (t), but the identity of this function with log ¢ is not hie delayed. 
The method of definite integration is employed to establish both the logarithmic 
and exponential series. 

The last three chapters, on rational functions, — of equations, and 
determinants, may be dealt with briefly. In the first of these are given 
elementary methods of obtaining the pro ae ea rties of quadratic, cubic and quartic 
functions and of the function (az*+2 ‘toy Aa +2Ba+C), the treatment 
being largely graphical. There is little in this chapter that a boy with mathe- 
matical ability would not have discovered for himself, but for the less gifted 
student it will be found invaluable. In the next chapter the elements of the 
theory of equations are very attractively set out: it contains sections on 
oe functions of the roots and transformation of equations ; and both 

lewton’s and Horner’s methods of approximation to the solution of numerical 
7 uations are given. The last chapter contains an introduction to the theory 

determinants. No generality is attempted : the student is led by easy stages 
from second order to fourth order determinants, the third order case being 
studied in some detail. 

This book is really elementary and can be read by any pupil of average 
mathematical ability with the minimum of attention from the teacher. There 
are over 1000 examples, most of which will present little difficulty. The work 
is very attractively rn out and clearly printed. No errata have been rae ~ 


Elementary Calculus. By A. S. Ramsey. Pp. x, 178. 5s. 1932. (Cam- 
bridge) 


Elementary Coordinate Geometry. By A. S. Ramsey. Pp. viii, 155. 
4s.6d. 1932. (Cambridge) 

(1) This is a book for beginners and in particular for those who will not become 
mathematical specialists. It is concise and clearly written but is probably 
much too difficult for the students for whom it is written—at least if they are 
expected to read it while still at school. 

After a short introduction there are three chapters on differentiation. The 
— tllage parentage aera rye pat got assy pe a 
ordinary rules up to the differentiation of f{g(z)}; the treatment is alppnnien 
there are no and even the application to tangents is left for 

seed ob chutuahe temeusde’ enpratectal danteliamame 
limit theorems seems out of place ; the reviewer is uncertain whether he him- 
self understands the proof given of lim { f(z) +9(z)}=lim f(z) + limg(z), and 


ee eee uotient is similarly 
tha’ cee tein ante’ steel oneal naie ae 
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lim { f{(z)/9(x)}=lim {((F +a)/(@+)}=F/G. After applications to tangents 
Maxime and minima, and kinematics, Chapter IV with the differentiation 
of trigonometrical and exponential functions and their inverses. 

A footnote to the procf of lim {(sin z)/z}=1 quotes a proof of the formal 
for the area of a sector, but this proof involves the derivative of sin x, and the 
differentiation of sin z requires the limit of (sin h)jh. Nothing is actually 
proved about the theory of exponentials, but it is made clear that the main 
results are quoted from Analysis. To the reviewer this procedure seem 
unsatisfactory. 
The proof os ie {(e* —1)/z}=1 is, as it stands, invalid, though it could 

+ 


easily be amended into a correct proof; it should be shown that the sum a 
1/2!+2/3!+2°/4!+... is less than a fixed number for sufficiently small positive 
values of z, not that it is finite for all finite positive values of x. 

The theory of inverse trigonometrical functions, including principal values, 
is clearly explained on pp. 56-60. But the work on p, 61 is not quite up to the 
standard of the bookwork ; for actually ,/(1 —cos*z)=sin z and cos~*(cos z)=g 
are not true when sin z is negative. Also the derivative of sin—!(z/a) is given 
as 1/,/(a* — z*) without qualification. 

It should be said, however, that these details which have been criticised 
would be altogether over the heads of the students for whom the book is 
written, who would perhaps not have appreciated the proofs any better if the 
mistakes had not been there. 

The capacity of the average non-specialist also seems to have been somewhat 
overrated in the three concise but lucid chapters on Indefinite Integrals, 
Definite Integrals, and Applications. 


The explanation of the symbolism y= (ote) dz by dy=g(z) dz, y=) 9(z)d5, 
with | as a convenient substitute for 5, is interesting, but is not the true origin 


of the symbolism to be found in lim S g(x) 62? 
It is mentioned incidentally that the centre of gravity of a uniform ti 
lamina can be obtained “ easily ” without integration. What in fact 
is the simplest way of doing this ? 

The book ends with a short chapter on Partial Differentiation, which also 
includes a section on Small a 

(2) This is also a book written for non-specialists, and as these students will 
usually have some knowledge of Calculus, Calculus methods are rightly used 
when convenient ; also, Chapter III deals with loci and some properties of 
curves derived from their equations. 

Apart from these changes the book follows the lines of the older text-books 
up to conics referred to their axes. 

There is the usual work about the straight line and circle. If it must be 
proved in a text-book on analytical geometry that a tangent to a circle is at 
right angles to the radius drawn to its point of contact, might this not be 
deduced from z dz+ydy=0, instead of from the equation of the normal ? 

After the Circle chapter, there is an explanation of the kind of curves formed 
by taking sections of a cone, and there are the usual chapters on the Parabola, 
Ellipse and Hyperbola. Thus the student will learn three or four times overt 
how to find the equation of the polar of (z,, y,) with respect to a conic and the 
conditions of conjugacy, etc.; but this is perhaps inevitable with the nom 
mathematician if he is to learn these things at all. 

Determinants are mentioned, and Parametric Coordinates are used, but 
Se ee ny ee There is a 
chapter at the end on polar and pedal equations. 

As in the Calculus volume the style is clear, and it is ible that teachers 
who adopt the sequence that has been indicated may the book useful even 
as an introductory course for mathematical specialists. A. 
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' Differential and Integral Calculus. By J. H. Nexrey and J. I. Tracey. 
Pp. viii, 496. 20s. 1932. (The Macmillan Company, New York) 


The authors of this book have aimed at producing a text adapted alike for 
students in academic colleges and in engineering schools. One would therefore 
expect to find a skilful combination of theory and practice. And such is the 
case. Like, however, most idealistic aims, when translated into practice, a. 
compromise becomes essential. Thus, in this important work, the pure mathe- 
matician will not find the utmost rigour of modern analysis, for, as the authors 
tightly point out, completely rigorous fs of some of the theorems of the 

lus are quite out of place in an elementary course. Nevertheless, only 
proofs are given which are valid, and these often necessitate assumptions being 
made. Where such assumptions have to be made, they are clearly pointed out. 
go that the student may realise some of the difficulties to be overcome. 

The book o with a comprehensive review of coordinate geometry, in- 
cluding a section on graphs and curve tracing. Then follows some seven 
chapters on derivatives and differentiation. Maxima and minima, partial 
derivatives, mean value theorem, a chapter on solid geometry and some im- 
portant applications are all dealt with very clearly and elegantly. 

Integration next claims attention and some very thorough work is to be 
found in the remaining twelve chapters. The authors deal very lucidly with 
multiple in tion, infinite series, power series and elementary differentia} 
equations. hout there are many valuable applications not only 
Ppcisitely selected but excellently worked out. 

ers on this side of the Atlantic will notice that where we use the terms. 

and gradient, the Americans k of inclination and slope. 

whole book is indeed well = maety and the original aim very skilfully 
worked out. The combination of theory and practice is such that it should 
satisfy both the mathematical student and the engineer. Naturally the former 
will need to go much further. but in so doing, there will be no necessity to cast. 
aside the principles taught in this book as being either invalid or only partially 
true. 


A special feature should be mentioned, and that is the exceptionally clear 
diagrams, particularly of three-dimensional figures, many of which are quite 
difficult to draw. These diagrams are of immense help in leading the student 
to understand the intricate problem of multiple integration. 

The volume is well got up and clearly printed. Each chapter concludes with 
& good set of exercises for the student, and answers are given after each 
— These would have been better placed, however, at = .¥ ba cs 


Elementary Mechanics and Hydrostatics. By D. Larretr and J. J. 
Watton. Pp. 267. 3s. 6d., or without answers, 3s. 1932. (Harrap) 


In about 230 pages of a small book the authors have contrived to include. 
a short section on Experimental Mechanics, another on Experimental and 
Theoretical Hydrostatics, and a third section covering the elements of Statics 
and Dynamics from a theoretical point of view, the whole to form a two-years” 
course. The result is that the treatment of parts of the subjects is necessarily 
brief and rather sketchy in places. The authors have generally followed the 
older methods in preference to the new ones recominended in the Association’s 
Mechanics Report. The order adopted is described in the preface as “that 
which has been found most su in class teaching’, but not everyone will 
agree with it. In particular, in part I, the lever and simple moments are only 
treated rather briefly in the latter part of a chapter on machines; while in 
the Theoretical M ics the chapter on parallel forces and moments is put 
very late, and friction is dealt with in the last chapter but one. 

The plan of the first part (Experimental Mechanics) is to introduce any 
spparatus or ideas considered necessary, explaining them or allowing the 
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pupil to verify them wherever possible, otherwise taking them for granted; 
the conclusions drawn are based on the results of experiments performed. The 
pupil is encouraged to tabulate his results by frequent skeleton tables. The 
second part forms quite a good introduction to elementary Hydrostatics. 
A number of points call for notice in the third part. It would have bee 
better if the variation of g at different places had been made clearer, to explain 
the different values given tog. The parallelogram of forces (assumed from 
experimental proof in the first part) is introduced early and resolution 
forces, etc., based on it, while absolute units are also introduced early. In the 
chapter on centre of gravity the proof for the triangle is not sound, since the 
thin strips are really trapezia, not rods, and a similar objection applies to the 
proof for the parallelogram ; the existence of a single point for the centre af 
gravity is more or less assumed. The last chapter contains the statements 
that “if @ is small, sin@=6 and cos@=1” ; it also introduces “ centrifugal 
force ’’. 
The book is nicely got up and well printed, with plenty of diagrams and some 
attractive illustrations. examples are not too numerous, but there is 9 
collection of 150 questions, mostly from examination papers, at the end, 
There is also an i y J. W. 


Elementary Mathematics from an advanced standpoint. Arithmetic, 
Algebra. Analysis. By F. Krzr. Translated by E. R. Hepricx and 
C. A. NoBLE. . ix, 274. 15s. 1932. (Macmillan) 

This is a translation from the third German edition of the first volume of 
Klein’s Elementarmathematik ; the two appendices, Zur Entwicklung der 
mathematischen Unterrichtsreform in Deutschland and Ergdnzungen zur mathe 
matischen und didaktischen Literatur, have not been included. Professor 
Hedrick was one of the translators of Goursat’s Cours d’ Analyse ; from the 
point of view of teachers of elementary mathematics this new venture is at 
least equally important. The translation is far from perfect, but is us 
adequate, and though much of the fervour and enthusiasm of the original is 
lost, enough remains to make the advantage of being able to read the book in 
English of weight. The printing was done in Germany, and is a good piece of 
work, save for one really bad page, and a few comic errors in spelling, counting 
center, for example, as an Americanism, not an error. The price is reasonable, 
especially if we recall that the German edition was published at RM. 16.50. 

There is now no reason for any teacher of mathematics in this country to 
neglect this book. It should be in every school library, in the original prefer- 
ably, in the translation if need be, and anyone just beginning to teach mathe 
matics should be persuaded or compelled to read it. The author speaks, as it 
were, from an eminence from which he can survey the whole domain of ele 
mentary mathematics; he can trace the main streams for us, can show us 
fords over what from the plain appear to be deep rivers dangerous to cross, 
and can point out how two seemingly different paths are really tending to the 
same goal. 

Much of Klein’s work was devoted to the elucidation of what he himself 
calls “‘ the mutual connection between problems in various fields”. He saw 
how mathematics inevitably tends to split up into narrow channels and how 
disastrous it would be it such a tendency were to be reflected in the teachi 
of elementary mathematics ; no such disaster need be feared if teachers wei 
and digest the ideas of his fascinating and inspiring volume. 4+: Bs Be 


Aufgabensammlung zu den gewéhnlichen und partiellen Differential- 
PB 7 By G. Honerse,. Pp. 148. RM. 1.62. 1933. Sammlung 

éschen, 1059. (Walter de Gruyter, Berlin) 

The general characteristics of the mathematical books in the Sammlung 
Géschen are probably known to English teachers. Dr. Hoheisel’s compendium 
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ofexamples illustrating the theory of differential equations is remarkable, like 
othet books in this collection, for the amount of material displayed in ite 148 
small pages. For though it is in some ways an appendix to the author’s two 
eatlier books on differential equations in this series, it is more than a mere 
cllection of examples. There are three main parts: ordinary differential 
ions of the first order, ordinary equations of higher orders and partial 
ions. Each of these is split up into about half-a-dozen sections, and each 
section deals with some salient point of er anes giving an outline 
afresults, proofs and methods followed by fully worked examples and questions 
for solution, to which answers and frequent explanatory hints are given. 
There is also a collection of 117 miscellaneous examples on ordinary equations, 
with answers and remarks. 
Though the exposition is extraordinarily concise, it is by no means obscure 
nor does it lend itself to “‘ cramming’. Even at the present (February) rate 
of exchange, Dr. Hoheisel gives us excellent value formoney. TT. A. A. B. 


Triumph der Mathematik. By H. Dérrie. Pp. vii, 386. Geh. RM. 7. 
Geb. RM. 9. 1933. (Ferdinand Hirt, Breslau) 


During recent years the firm of Hirt has published a number of books dealing 
with aspects of mathematics not usually treated in text-books. It was felt 
that it might be of interest to bring these to the notice of English readers and 
4 request was sent to the publishers for review copies of the more recent 
volumes ; a courteous and practical reply was received in the shape of five 
such books published during the last eight years. Dr. Dérrie’s book is one of 
these ; another is reviewed below, and other reviews will appear later. 

Dr. Dérrie’s sub-title is ‘‘ One hundred famous problems from two thousand 
years of mathematical Kultur ’°—a better description than the more attractive 
phrase of the title, for the author is actually dealing with the problems, not 
merely talking about them. His field is restricted to elementary mathematics ; 
that is to say, he considers problems which do not need the machinery of the 
calculus, though some knowledge of limits and of infinite series is desirable. 
But “ elemen ” does not necessarily mean “‘ easy”, for the first word is 
here sufficiently broad to allow, for example, a discussion of the law of quad- 
tatic reciprocity, of Malfatti’s problem, of Steiner’s three-cusped hypocycloid 
and of the construction of a sundial. 

Although avoiding the explicit use of calculus, some sections involve the 
idea of the definite integral ingeniously introduced as a mean value, the mean 
value of f(x) being defined as + 


& f(x) =lim {f (8) +f(28) +... +f(nd)}/n, 


where n5=2. This enables the author to obtain the series for sin z and cos x 
inascending powers of x. We may add that a vicious circle in his argument is 
only apparent and could easily be avoided by a slight rearrangement and an 
explicit justification of the inequality 
sin z < 2 < tan z. 
The most suitable review of this book would be a list of the problems it deals 
With; since this is impossible, we need only say that the collection, drawn 


from arithmetic, algebra, pure and algebraic geometry, solid geometry and 
astronomy is extraordinarily interesting and attractive. T. A. A. B. 


Lustiges und Merkwiirdiges von Zahlen und Formen. By W. Lierzmann. 
4th edition. Pp. vi, 307. RM. 8.50. 1930. (Hirt, Breslau) 

This is another of the attractive publications of the firm of Hirt to which 
telerence was made in the preceding review. Teachers who wish to collect 
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material of the kind described in Mr. Boon’s article on “ Sidetracks in 

mentary Mathematics ” in the February number of this volume of the G 

will find much to interest them in Dr. Lietzmann’s book. The appearg 

of four editions in nine years is corroborative evidence for the truth 

statement. In English we have, of course, the classic work of Rouse B 

mathematical recreations; the relative status of the present volun 

perhaps be indicated by suggesting that in Rouse Ball's book the emph 

on the adjective, in Lietzmann’s on the noun; this is no 

either author, but simply implies that the true bouquet of the En glish 

appreciated only by the educated mathematical palate, while the Germ 

owes: gS jokes, catches, curiosities and amusements ones ae 

with mathematics which are yet interesting and intelligi 

Pe ain of a smattering of arithmetic, algebra and geometry. And 
tzmann does his job with gusto, and writes in the spirit of an aphorism@ 

Novalis’, quoted on p. 59: “ Der echte Mathematiker ist Enthusiast per! ¢ 

Whether he is presenting us with ‘‘ The woeful ballad of the two jealom 

cones’, or asking us to find fractions possessing a property shown in the 


ansengle #==1=HN= 
or pointing out geometrical forms occurring in atin and in art, or evén 
men an American play with characters including the heroine “ Plain 
Geometry ”’, her sister ““ Anna Lytic Geometry ”, and a college student “Gal 
Q. Lus ” , there i is never any reason to doubt the enthusiasm—we might alme 
say the high spirits—of the author. And since the popularity of cross-wa 
Strand puzzles and detective stories proves quite c that most people fil 

a good puzzle, it is certain that a teacher of mathematics can use the mat 
given by Dr. Lietzmann so as to lead the liking for puzzles towards an app 
ciation of more serious mathematics. 

There are those who would contemptuously condemn an interest in 
they would no doubt call the “‘ amusing trifles” of Dr: Lietzmann’s bog 
While not denying that the supreme appeal of mathematics lies in its aust 
beauty, there are two points which may be urged in oe of mathemati 
amusements. The first is that there are times when we may legitimately pn 
an Aldwych play to Hamlet. The second is that pions a mathem 
= have led to new realms of knowledge, as the four-colour problem @ 

uler’s P gone about the Kénigsberg bridges were the forerunners of % 
ae topology, perhaps the most important and striking of all 

developments in pure mathematics. We may recall the remark of a disti 

guished Cambridge mathematician concerning the modern theory of ; 
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gration : “ It all started from a fiddle-string ”’ *. 
Save for a strikingly hideous cover the book is well got up, and the tv 
Pra are beautifully reproduced. The plate depicting a mathematician at 
lackboard is faintly reminiscent of the Peterhouse portrait of Tait. 
We congratulate Dr. Lietzmann on his jolly little foot. May we ask hin 
see that the fifth edition contains some reference to Lewis bis 8) ” a 


Abstracts of Dissertations for the Degree of Doctor of Philosophy. ¥ 
University of Oxford Committee for Advanced Studies. Pp. iv, 121. 
1932. (Oxford ; at the Clarendon Press) , 

These abstracts indicate the scope of recen geod gud -graduate work at Oxf 
One of the dissertations is mathematical gives some PrcncDoadin 5 
methods used by Hardy and Littlewood in the theory of somes” a 


* Vide Riomann's classic paper, Uber die Darotellbarkeit einer Funktion durch : 
trigonometrische Rei ; 
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